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Let § = x),x3, ....x,, be a sequence of n distinct elements from a linearly ordered set.
We consider the problem of determining the length of the longest increasing subsequences
of S. An algorithm which performs this task is described and is shown to perform n log n—
alog log n+ O(n) comparisons in its worst case. This worst case behavior is shown to be
best possible.

i. Introducticn

Let S =x,, x,...., x, be a sequence of n distinct elements from a lin-
early ordered set. In this paper we examine the complexity of algorithms
that compute the length L of the longest increasing subsequences of S:

L=max{k:1<i <ij<..<py <nandx; <..<x;]

We shall describe an algorithm which performs this task and which has
a worst case running time of O(n log n). This bound is shown to be best
possible for a fairly general model of computation.

Our lower bound is obtained by isolating the sorting aspects of the
problem. We show that a substantial amount of ordering information
about the elements of S is required before the value of L is capable of

unique determination. Specifically, we consider the class of algorithms
that perform comparisons, [x; : x,-] , and branch in accordance with the
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outcomes x; < :¢; of x; > x;. We show that any such algorithm providing
sufficient information to compute L must perform at icast nlogn —

n log log n + O(n) comparisons in its worst case. ( Logarithms are to the
base two.) Furthermore, the algorithm we shall be describing never per-
forms more than an equivalent number of comparisons, resulting in a
fairly accurate approximation to the best worst case number of com-
parisons required. While covnting comparisons prov:des a lower bound
for the overall timing of an algorithm, there is no immediate reason to
betieve that this number bears a linear relationship to an upper bound.
For example, oven if we completely sorted S, we would still have to do
further work to determine L. However, we begin by describing an algo-
rithm whose total running time is O(n logn). Throughout this paper we

interchangeably use S to denote both the sequence x, ..., x,, and the
set {X; seees X }e

2. An upper bound

We describe an algorithm due to Knuth whose meciianism amounts

to computing the first rcw of the Youing tableau associated with S (see
{2, Section 5.1.4)).

We maintain a table 7{j) which initially has 7(1) = x, and is other-
wise empty. Then as j proceeds from 2 until #, we insert x; int> the
tabi~ as follows. Assuming 7(k) is the last non-empty position of T,
we compare x; with T(k). If x; > T(k), we set T(k+1) = x;. Otherwise
we find the least index 77 > i such that x; < T(m) aad replace the cur-
rent value of 7(m) by x;. After all the elements of S have been proces-
sed, L turns out to be the number of non-empty positions of 7. The
validity of this algorithm is easily demonstrated. Assume xy, x5, ..., X;
have just been processed. At this stage the values T(1), 7(2), ... have
the following interpretiation: T(k) is the least element in {xg, ., x;}
which constitutes the last term of an increasing subsequence of
X3, ..., X; of length k. This interpretation can be directly verified by in-
duction o2 j, and the validity of the algorithm follows at once.

Because the second to the last term of an increasing subsequence of
‘ength k + 1 comprises the last term of an increasing subsequence of
.ength k, at any stage of the agorithm either 7(k) < T(k+1) or T(k+1)
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is empty. Therefore 7(1) < T(2) < ..., and if we are processing X, We
can determine its proper location in 7 using a binary search procedure
which can be done in time O(log ). We conclude that this algorithm
can be petrformed in time O(n log n).

Now let us carefully count the number of comparisons we might
have to perform. Assuming wr aie inserting x; into T and that k posi-
tions of T are noii-empty, as we shall see, it is advantageous to first com-
pare x; with T(k), and then if x; < T(k), perform [log k Jfurther com-
parisons potentially required by the binary search; while if x; > T(k) set
T(k+1) = X;. We never perform more than log L + O(1) comparisons for
each insertion, and each t:me a new position of T is filled, which occurs
L times, only one comparison is perfomed. Therefore, no more than

n (n—L)log L +0(n)

comparisons can ever be required. The worst value for L is roughly
nflog n; in which case, {1) becomes n log n—n loglog n + O(n). This -
proves the rollowing theorem.

Theorem 2.1. There exists an a’gorithm for computing L whose tot.il
running time is O(n log n3, and which performs nlogn—nloglogn+Q(n)
comparisons in its worst casz2.

3. A lower bound

We can represent the comparison aspects of an algorithm that com-
putes L using a binary comparison tree 7. (An internal node of the tree
is labeled with a comparison [x; : x;], and branching goes to the left if
x; < x;, otherwise to the right.) Any one of the n! possible linear order-
ings on S defines a path through T leading from the root and ending at
an external node (or leaf). L.et us assume that wasteful os redundant
comparisons have been pruned or removed from T (comparisons whese
outcomes are predictable on the basis of the outcomes of the previous
comparisons along the path from the root), so that to each leaf £ of T
there corresponds a partial ordering on S defined by the transitive clo-
sure of the outcomes of the comparisons a’ong the path leading to £.
Furthermore, to each leai” £ there corresponds a non-empty set of lin-
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ear onlerings on S such that each linear ordering in this set defines the
path tirough T ending at £. This set, of course, is the svt of linear er1-
beddings of the partial ordering corresponding to £'.

At tiuis point we can best regard L as being an attribute of the linear
orderine defined on S. For an algorithm to successfully compute L, its
associaizd comparison tree T must have the property that all of the l'r-
ear orderings in the set associated with any leaf must define the same
value fo.r L. We need the following definitions and lemmas.

Let (#, €) be a partially ordered set. A chain is defined to be a subset
of P lircarly ordered by <. An antichain is defined to be a family of
pairwise incomparable elements. Our first lemma is a statement of Dil-
worth’s theorem. A proof is given in [ 1, Chapter 7].

Lemma 3.1 (Dilwerth). A finite partially ordered set (P, <) can be par*i-
tioned intcr m chains, where m is the size of its largest antichain.

Lemma 3.2. Let P be a finite partially ordered set and let Q be a subset
of P. Any linear embedding of Q can be extended to a linear embedding
of P. In other words, it is possible to linearly embed P in such a manner,
that when restricied to the elements in Q, this embedding coincides
with a previously given linear embedding of Q.

Proof. Let < ve the partial ordering on P. Extend tnis partial ordering
by imposing upon it the linear embedding of Q. Any linear embedding
of this extended partial ordering will satisfv the lemma.

Lemma 3.3. If a linearly ordered set is partitioned into k chains, the
original ordering can be algorithmically restored with at most nflog k |
COmparisons.

Proof. This lemma is an easy consequence of the fact that two chains of
size k; and k, can be merged with at most k; + &k, — | comparisons.

Lemma 3.4. Let S(», k) denote the number of linear orderings on 5 that
define a value for L that is less than k. Then

(2} Stn, k)= nt (1 -(Z k).
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Proof. The piobability that a particular subsequence Xiyr Xigoowon Xy 18
increasing is !/k!. Since there are (’,;) possible subsequences of length k,
we conclude that the probability that L > k is < (} )/k!. The lemma fol-
lows at once.

We are now in a position to obtain a crude lower bound on the worst
case number of comparisons required to compute L. Our argument is
basicilly information theoretic. Let A be an algorithm that computes L
and let T be its associated pruned comparison tree. If T has N leaves,
then 7 must have a path of length > log V. Because there corresponds
at least one linear embedding to each leaf of T, in at least one case A
must perform at least log N comparisons. Qur strategy is to show that
N is large.

Theorem 3.5. An algorithm that computes L. must 'n its worst case per-
form at least knlogn <- Q(n) comparisons.

Preoof. Given a fixed &, to be chosen below, we derive this lower bound
‘or algorithms that compute the answer to the more simple question, is
L > k? Let A be such an algorithm and let T be its associated compari-
son tree. Consider those leaves of T associated with the ultimate conclu-
%ion that L < k. We claim that the partially ordered sets associated with
these leaves have no antichains of size k. For if there were such an anti-
chain {x; ..., x; }, we could linearly embed it so that x; <x; ifi, <.
and by Lemma 3.2 this embedding could be extended to a linear embec-
ding of S. But for this embedding we would have L > k, contrary to as-
sumption. Therefore, by Lemma 3.1, the partially ordered sets associat-
ed with these leaves can be partitioned into fewer than k chains. Now
consider the following enhancement 4™ of A. Whenever 4 concludes
that L < k, A* continues to completely sort S, which, by Lemmia 3.3,
requires no more than n log k + O(n) further comparisons. Denoting by
T° the pruned comparison tree associated with A, clearly T" must
have at least S(n, k) leaves, and therefore, must in its worst case per-
form at least logS(n, k) compariscns. Consequently, A must perform

at least log S(n, k) —n log k + O(n) comparisons in its worst case. Choos-
ingk= [3n1/27], by Lemma 3.4, S(»2, k) ~ n!, and our theorem follows
immediately.
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The algorithm we have described earlier is shown by (1) to be capable
of computing the answer to the question, is L > k?, by performing no
more than # fog k + O(n) comparisons. Therefore, setting k = [3n}/%],
we conclude that the bound obtained in the above proof is correct to
within O(n) comparisons, for this simplified task. Furthermore, for
k < O(n'/?), these arguments can be generalized to prove a best worst
case estimate of # log k + O(n) comparisons, although a better estimate
for S(n, k) than that given by (2} is required, involving the enumerativa
theory of Young tableaus. This strongly suggests that n log k£ + O(n) ccin-
parisons are required for a much wider range of k, but the above lower
sound proof breaks down. What we need is a stronger application of
Dilworth’s result.

Lemma 3.6. Let < be a partial ordering defined on S. The maximum
value of L a-sociated with any linear embedding of this ordering, is
equal to the minimum number of decreasing subsequences relative to
< into which & can be nartitionzd.

Proof. First, it is obvious that if we can partition S into k decreasing
subsequences relative to <, then for no linear embedding can we have
L > k. Hence, we have an inequality gcing one way.

Let <’ be the following partizl ordering on §; x; <’ x; if and only if
x; < x; and j < i. The ordering <" is embedded in < and a chain in <'
corresponds to a decreasing subsequence relative to <. If S cannot be
partitioned into fewer than k decreasing subsequences relative to <,
then relative to <’, there exists zn antichain of k elements by Lemma
3.1. Letx; . x;,, ... x;., i} <iy <..<lip,constitute such an antichain.
If i, <, then because x; and x; are incomparable relative to <', ei
therx, < x;,orx; andx; are incomparable relative to <. Therefore,
onthe set O = {x; .., x;, }, the ordering <", defined by x; <" x, if
and only if i, < i, is alinear embedding of < on Q. By Lemma 3.2, this
can be extended to a linear embedding of S, and for this embedding,
L > k Hence, we have the opposite inequality, completing the proof.

Theorem 3.7. An algorithm that compiites L must in its worst case per-
form at least n log n--n loglogn + O(n) comparisons.
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Proof. Choose k < 4i1. We define the following set I' of linear orderings
ori S. Each linear ordering in I partitiors § into k decreasing subse-
quences 5y, Sy,..., Sk, such thatx; € §; and x,,_,, ;€ S; for 1 i<k,
and each element in S; is less than each element in S, for 1 < i< k-1.
The orderings in I' are completely specified only by having to state

to which unique set §; the element x; belongs, for k < j < n—k. The
number of such ordermgs thecefore i 1s k"~2k Furthermore, given an or-
dering in [7, there can be only one way to partition S into k decreasing
subisequernices relative to this ordering, namely these must be the sub-
sequences Sy, ..., S, . To see this, try partitioning

xl,xZ... Y .Xn k+l’ ﬂ-k‘? p....,xn

into k decreasing subseiquences. We are forced to choose the subsequences
XirCpnek+1sX2 X p+7,ctc. This in turn forces the placement of the
reraaining, elements of 5.

Now let T be the pruned comparison tree associated with an algorithm
that computes L. We show that no two of the orderings in I" can be as-
sociated with the same leaf. Consider the leaf of T associated with a par-
ticular ordering A in I'. As discussed earlier, since L = k for the ordering
A, all linear embeddings of the partial ordering of this leaf must define
I = k. Hence, by Lemma 3.6, this partial ordering defines a partition of
S into k decreasing subsequences. These k decreasing subsequences
must be the subsequences {S;} that define A4, since § can be partitioned
into k decreasing subsequences in only one way under the ordering 4. If
anyv other ordering in I is associated with this leaf, it would also be
consistent with the {S;} partition and therefore be A itself. Finally,
since || = k"~ 2% T must have a path of length > (n—2k) log k. Choos-
ing & = [n/log n] completes our proof.
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