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We consider the problem of finding a maximum subset of a given set of wires connecting two rows of terminals with fixed
positions, such that no wires in the subset cross. We derive an algorithm that runs in O(p +(n—p)Zg(p+1)) time, where n is
the number of wires given and p is the maximum number of noncrossing wires; in many practically relevant cases, e.g., when p
is very high, it needs only linear time. We show how an extension of the algorithm solves the more general problem, where the
positions of some terminals have some flexibility, within the same time bound.
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1. The alignment problem for fixed terminals

In recent studies on VLSI wiring [3], cascode-
switch macro wiring [9], and the pin permutation
problem [7], the problem of finding a maximum
subset of noncrossing wires in a situation as in Fig.
1 1s encountered. For example, noncrossing short
wires can be realized in the polysilicon level,
thereby substantially saving wiring space on the
metal level and reducing net capacitance.

In the top row, terminals are numbered from 1
to n from left to right; in the bottom row, these
numbers are arbitrarily permuted. Each pair of
terminals having the same numbers is to be con-
nected by a straight wire. In general, some of the
wires cross (see Fig. 1). The problem is to find a
subset of maximum size of the set of wires such
that no two wires in the subset cross each other;
we call this a maximum alignment of the termi-
nals, where the terminals are in fixed positions.
Later on, we will also consider the case where
some of the terminals are allowed to move in
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specified ranges. This problem arises in a more
general version of the pin permutation problem [8].

2. Previous results

The first paper known to us to study this prob-
lem in a different context is [1]; there, an algo-
rithm with O(n?) worst-case running time for the
(equivalent) maximum size independent set prob-
lem for permutation graphs is proposed. Fred-
man [2] presents an algorithm for computing the
length of a longest increasing subsequence with
worst-case running time of O(n £g n); he proves
that 2(n g n) is also a lower bound in the worst
case.

Since then, numerous papers on the more gen-
eral problem of computing a longest common sub-
sequence of two given strings have appeared.
Hirschberg [4), Hunt and Szymanski [5] and
Nakatsu et al. [6] have designed algorithms that
are especially fast in special cases related to our
problem of finding the longest ascending subse-
quence in a string of the integers 1 to n. Hirsch-
berg [4] has presented an O(n - p) algorithm, where

0020-0190,/85/$3.30 © 1985, Elsevier Science Publishers B.V. (North-Holland) 75



Volume 20, Number 2
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Fig. 1. An example of the fixed terminal alignment problem.

p is the size of the solution, i.e., in our case, the
number of noncrossing wires. Hunt and Szyman-
ski [5] describe an O(n £g n) algorithm, and
Nakatsu et al. [6] derive an O(n(n — p)) algorithm.
Hence, for very small p (close to 1) or very high p
(close to n), linear-time algorithms exist; however,
as p 1s not known in advance, choosing the wrong
algorithm leads to quadratic worst-case behavior.

In the VLSI design process, the maximum
alignment problem has to be solved repeatedly. An
efficient algorithm is, hence, highly desirable. It
should, furthermore, take advantage of the fact
that usually p is quite close to n. In the following,
we present an algorithm that combines the ad-
vantages of [2,4,5,6] in that it is bounded by
O(n /g n) in the worst case, and that it is linear
whenever p is very high or very small. Our al-
gorithm has the same structure as the one given
in [2], and it can also be obtained by a modifica-
tion of {5}, yielding a worst-case running time of
O(p + (n — p)Zg(p + 1)).

3. The alignment algorithm for fixed terminals

In any set of noncrossing wires, e.g., in any
optimal solution, the wires can be totally ordered
from left to right, according to their terminal
numbers. From now on, we will identify the wires
with their terminal numbers. By definition, for any
set S of p>1 noncrossing wires there exists a
subset S’ of p — 1 noncrossing wires with bottom
terminals and top terminals to the left of those of
the rightmost wire in S. We expect the computa-
tion of S to be simple and fast, once we know of
such an §’. This observation leads to an algorithm
to recursively compute solutions from partial
problems of growing size, where the next problem
is obtained by adding one more wire to the prob-
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lem solved so far. Starting with the empty set of
wires, we add the wires, one by one, in the order of
the positions of their bottom terminals, from left
to right. For the current problem and any achieva-
ble number of noncrossing wires we keep track of
only one solution (instead of many feasible ones).
This is sufficient if we choose the solution that
permits us to later find a further noncrossing wire,
if there is one, i.e., the one among all feasible
solutions with the leftmost top terminal of its
rightmost wire. In the example depicted in Fig. 1,
considering the set {3, 5, 8, 4} of wires, the feasi-
ble solutions achieving two wires are {3, 5}, {3, 8},
{3, 4}, and {5, 8}, and the best of them is {3, 4};
terminal 4 is the leftmost of the top terminals of
the rightmost wires in these solutions. For each
achievable number of noncrossing wires we repre-
sent the best solution by its rightmost wire and a
link to the partial solution of one wire less used in
this best solution. In this way, the rightmost wires
of the solutions are ordered from left to right with
increasing size of the solution, i.e., the rightmost
wire of the biggest solution so far is the rightmost
of these wires.

Now consider the top terminal t of the next
wire w to be processed; the bottom terminal of w
is to the right of all bottom terminals seen so far.
All partial solutions having their rightmost top
terminal to the left of t can be extended by adding
w, but for all extensions except the one of the
rightmost of these top terminals, say t’, a better
solution is already known. The one solution with
top terminal t’, however, yields a new best solution
when extended by w: if there are wires with top
terminals to the right of t in partial solutions, then
w replaces the leftmost of them in the correspond-
ing solution, otherwise w is added to the biggest
solution so far, giving rise to a new bigger solu-
tion. As the biggest solution of each subproblem is
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an optimal solution to that subproblem, the algo-
rithm ends up with an optimal solution to the
entire alignment problem.

In our example, when wires 3, 5, 8, and 4 have
been processed, the best solutions are {3} for one
wire, {3, 4} for two wires, {3, 5, 8} for three wires.
The top terminals of the rightmost wires of the
solutions are 3, 4, and 8. When wire 6 is being
processed, it is useless to extend solution {3} to
{3, 6} because we already know of the better
solution {3, 4} for two wires. It is impossible to
extend solution (3, S, 8}, because adding wire 6
would lead to a set where some of the wires,
namely 6 and 8, cross. Solution {3, 4}, however,
will be extended giving {3, 4, 6}; this solution will
replace {3, 5, 8}.

ALGORITHM Maximum Alignment of Fixed Terminals

w(0): = 0;
last: = 0;
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A formal proof of correctness of our algorithm
can be carried out in the same way as in [S]. The
following algorithmic description is, for the sake of
being specific, very close to a real program; a more
general formulation in terms of operations alone
should be obvious. We think of storing the right-
most wires of the solutions as an ordered sequence
w; w(1), w(i), and w(last) are the first, the izh and
the last element in the sequence, respectively; w(0)
denotes a dummy element and is used for the
purpose of uniform treatment only. The set of
links between wires, from wires in bigger solutions
to wires in smaller solutions, is denoted by 7.

For all bottom terminals of wires t FRoM left To right Do

IF w(last) <t
THEN last: = last + 1; i: = last

ELSE 1 = min{j | 1 <j < last, w(j) > t};

w(i): =t;
£(t): = w(i— 1);

{solution is found: trace it back following links)
For all elements w(i) in w FRoM w(last — 1) Back To w(1) Do

w(i): = £(w(i+ 1))
{solution is stored in w}
END of Algorithm.

w w w w

SEQUENCE OF WIRES

1 2 "3 Y
-
1] 3
2| 3e—5
3 3 5e—8
4| 3e—a 8
5 3 4e—6
6] 1 4 6
71 1 a 6 @7
8| 1e—2 6 7
L — = p = 4; TRACE BACK FOR SOLUTION
9 2 6 7
10| 1 4 6 7
11 4 6 7 ONE OPTIMAL SOLUTION IS {3, 4,8, 7}
(ANOTHER ONE: {3, 5,6, 7} )
TIME

Fig. 2. Illustration of algorithm for fixed terminals.
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Let us illustrate the operation of this algorithm
with our example by displaying the sequence w
after processing each wire as a horizontal row,
time being represented at the vertical axis from
top to bottom, and the links depicted by arcs
between the linked wires (see Fig. 2).

Theorem 1. A solution to the maximum alignment
problem for fixed terminals can be constructed in
O(p +(n—p)le(p + 1)) time using O(n) space,
where n is the total number of wires involved and p
is the size of the solution, which is optimal in the
worst case.

Proof. The correctness of the algorithm follows
from the previous considerations. When properly
implemented, all operations except finding
min{j | 1 <j < last, w(j)> t} can be carried out in
constant time; the latter can be found by a binary
search in O(£g(p + 1)) time. For all wires increas-
ing the size of the biggest solution, the position in
w is found in constant time, and hence only the
remaining n — p wires require O(Zg(p + 1)) time
each, resulting in the claimed overall runtime. The
O(n) bound for the space requirement follows
trivially; it becomes O(p) when we do not keep
track of the wires constituting the optimal solu-
tion, e.g., when we just want to compute the size of
the optimal solution. Fredman [2] additionally
points out that the maximum number of compari-
sons performed is given by n /gn—n £g fgn+
O(n), which is also a lower bound. O

Note that without changing its worst-case be-
havior we can tune our algorithm by fitting the
search for min{j|1 <j<last, w(j)>t} to our
specific expectations, as long as we maintain its
O(Zg(p + 1)) worst-case time bound. For example,
when we expect the positions of the bottom termi-
nals of most wires to be close to the positions of
their top terminals, it is reasonable to start a
binary search for min{j |1 <j < last, w(j) >t} at
w(last), extending the range considered for search-
ing exponentially until we are sure the answer is in
the considered range. The following algorithmic
description may help clarify this approach (we do
not take care to avoid accessing elements outside
the proper range in order not to obscure the basic
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{exponential search for the range from leftend to
rightend, in which min{j | 1 <j < last, w(j) >t}
lies:}

leftend: = last — 1,

WHILE (w(leftend ) > t) AND (leftend > last /2) Do

leftend: = 2 X leftend — last,;
Ir w(leftend) >t
THEN rightend: = leftend; leftend: = 1
ELSE rightend: = [(leftend + last) /2] ;
leftend: = leftend + 1

The interval from leftend to rightend is found
in at most O(Zg(last — leftend)) steps, and a bi-
nary search within this interval will find the solu-
tion in at most the same number of steps. Incorpo-
rating this method into our algorithm, without
deteriorating its worst-case behavior the algorithm
runs in linear time whenever |t — position(t)|<c
for some constant ¢ and all bottom terminals t,
independent of p. Other choices for the starting
position of a binary search following essentially
our approach include starting at a precomputed
expected position of the element in question as
well as starting at the position of the most recently
processed element.

4. The alignment problem for fixed and loose
terminals

In a more general pin permutation problem (8],
a collection of similar instances of the alignment
problem described in the preceding sections natu-
rally occurs in the form of a more general align-
ment problem. Instead of having all terminals in
the bottom row in fixed positions, some terminals’
places can be chosen freely within a specified
range. The input to the problem is now a sequence
of subsequences F;, F,, ..., F,, k> 1, of terminals
with fixed relative positions such that all terminals
in F, are to the left of those in F, if i <j, and a
sequence L of sets L,, L,, ..., L, of loosely posi-
tioned terminals: For each 1=1, ..., k, all termi-
nals in L; can be arbitrarily permuted and inter-
leaved with those in F, such that the combined set
of terminals T;=F, UL, satisfies the condition

1
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Fig. 3. An optimal solution to the alignment problem for fixed and loose terminals.

that the terminals in T; are to the left of those in T,
if i <j. A subproblem with fixed terminals is ob-
tained if we choose for each i a permutation of L;
and an interleaving of this permutation with F,.
The objective is to find a subproblem with fixed
terminals achieving the highest maximum align-
ment of all subproblems. For example, for k =
2,F,=@08,4,E=(),L,={3,5}, and L, =
{1, 2, 7}, the subproblem with fixed terminals as
depicted in Fig. 1 achieves an alignment of 4
wires, but with bottom terminal 5 to the right of 4
an alignment of 5 wires, namely wires 3, 4, 5, 6,
and 7, can be achieved (see Fig. 3).

Instead of constructing all subproblems and
solving them with our fixed terminal alignment
algorithm, we will show how the general problem
can be solved directly much faster, in fact, as fast
as the special problem. Note that the general align-
ment problem coindices with the special case of
fixed terminals whenever L, =9 for all i. Let us
clarify the properties of the problem we will use in
our algorithm.

Lemma 1. For two sequences, F and ¥', of bottom
terminals, where F and ¥’ may be interleaved freely,
the maximum number of noncrossing wires -of all
sequences obtained by interleaving ¥ and F' equals
the sum of the maximum numbers of noncrossing
wires obtained for F and for F'.

Proof. Consider the subsequences, f and ', of F
and F’, of the bottom terminals of the selected
noncrossing wires in any maximum alignment of F
and F’. The f and ' can be interleaved without

crossing by forming an increasing sequence of
their terminal numbers, and the terminals in F — f
and F' — ' can be interleaved into correct posi-
tions with respect to those in f and f’, respectively.

On the other hand, for each interleaving of F
and F’ with interleaved noncrossing wires f and f’,
f 1s also a set of noncrossing wires for F, and f is
also a set of noncrossing wires for F'. O

Lemma 2. For a sequence L of bottom terminals
which may be permuted freely, the maximum num-
ber of noncrossing wires is obtained by sorting the
bottom terminals by increasing top terminal number,
from left to right.

Proof. For this ordering, all of the terminals can
be connected with noncrossing wires. O

This implies that if there is only one subse-
quence of fixed terminals, i.e., the range of the
loose terminals’ positions is unbounded, the prob-
lem can be solved by applying the fixed terminals
alignment algorithm to the fixed terminals first
and then properly interleaving all loose terminals
in between the wires forming the solution.

5. An alignment algorithm for fixed and loose
terminals

The problem with loose terminals L; in ranges
of fixed terminals F, differs from the one with
fixed terminals in the fact that in addition a good
position for each loose terminal must be chosen.
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We use the following two facts to find good posi-
tions. First, a loose wire w from L, cannot be
obstructed by a fixed or loose wire w’ from T, = F,
U L,, because the loose bottom terminal of w is
allowed to take any position relative to the one of
w’. Hence, any selection of fixed wires of F, and
any position and selection of loose wires of L, will
be equally favorable for the loose wires within L.
Second, except within its range, a loose wire does
not have any more flexibility than a fixed one: its
relative position is fixed with respect to all wires
outside its range.

Then, the general alignment algorithm produces
a solution in essentially the same way as our fixed
terminal alignment algorithm. Note that for con-
structing partial solutions for growing size the
order in which we consider the wires does not
matter as long as all best partial solutions are
available at all steps. In the fixed terminal case, we
have chosen an order of the wires allowing us to
accomplish this by adjusting only one partial solu-
tion very fast; we reduced the query for the right-
most wire with bottom terminal and top terminal
to the left of a given wire to the query for the
rightmost wire with top terminal to the left, by
identifying the one dimension for bottom terminal
positions with the dimension of time. Following
this same idea, we choose the following order of
wires in the general algorithm: for i increasing
from 1 to k, we process the wires in F, in the order
of their bottom terminals, and then the wires in L,
in the order of their top terminals, each from left
to nght. We maintain a sequence of rightmost
wires of partial solutions and links connecting the

-  WIRES
7
5
4e—5
3 5
3 5e—9
3 5e4—6
3 5 6e—28
le—3 6 8
le—24—3e—G6e+—8

Fig. 4. Nlustration of algorithm for fixed and loose terminals.
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wires used in partial solutions as in the case of
fixed terminals. By the arguments presented for
the fixed terminal alignment problem, the update
operations on this sequence are the same as for
fixed terminals, except in one case: if a loose wire
w from L, replaces a fixed wire w’ from F,, then
w < w’, and hence w’ can be used to extend the
partial solution of which w is the new rightmost
wire. If w' has been the rightmost wire of the
sequence of rightmost wires of partial solutions,
then a new bigger solution is found, otherwise the
right neighbor w” of W’ in this sequence is re-
placed by w’. If, again, w” belongs to F,, the
replacement process continues. As soon as either
the end of the sequence is reached or a wire not
belonging to F, has been replaced, this process
stops. In this way, all reasonable interleavings of
loose terminals, i.e., interleavings contributing to
some partial solution at some stage, are implicity
considered.

Let us illustrate with an example how the al-
gorithm works. Given k=2, F =(7,5), F, =
(3,9,6,8), L = {4}, and L, = {1, 2}, we display
the partial solutions obtained over time (see Fig.
4).

Notice that for each loose terminal from L., in
the worst case all fixed terminals from F, have to
be shifted to the right by one position. If we carry
out these shifts separately by repositioning ele-
ment by element, we may need |L,|-|F,| steps for
each 1. However, we can easily avoid this by scan-
ning through the elements of F, at most once when
processing all elements from L,, because the ele-
ments in L, are processed in sorted order. We

p =5; TRACE BACK FOR SOLUTION
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simply maintain a queue of elements of F; that still
need to be shifted. After processing all elements of
F,, before processing the first element of L;, the
queue is empty. Whenever an element of F, is
replaced in a partial solution, it is appended to the
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queue. The elements in L; and in the queue are
processed in sorted order: at each step, we process
the smallest of all elements in L, and the queue.
More formally, our algorithm works as follows.

ALGORITHM Maximum Alignment of Fixed and Loose Terminals

w(0): = 0;
last: = 0;

queue of wires from fixed terminals gf: = empty;
For all i FroM 1 To k Do {process F, and L, }
FoRr all bottom terminals of wires t of F, FrRoM left To right Do

IF w(last) <t
THEN last: = last + 1; j: = last

ELSE j: = min{j | 1 < < last, w(j) > t};

w(): =t
() =w(—1);

gl: = queue of wires from L, sorted according to the order of their top terminals from left to

. right;
WHILE gl # empty Do

t: = first (g/), removed from queue;

IF w(last) <t
THEN last: = last + 1; j: = last

ELSE j: = min{j | 1 < < last, w(j) > t};
IF w(j) comes from F, THEN append w(j) to 4f;

wi): =t
£(t)y: =w(—1);

WHILE gf # empty Do {sequence of shifts}
t: = min{first (g/), first (¢f )}, removed from queue;

jr=31+1
IF j < last

THEN IF w(j) comes from F, THEN append w(j) to ¢f;

ELSE last: = last + 1;
w(): =1t
f):=w(j—1)

{at this point, the solution can be reconstructed following the links :}
FoRr all elements w(i) in w FROM w(last — 1) BAck To w(1) Do

w(i): = Z(w( + 1))
{the solution is now stored in w}
END of Algorithm.

We conclude the following.

Theorem 2. A solution to the maximum alignment
problem with fixed and loose terminals can be con-
structed in O(p + (n — p)Zg(p + 1)) time using O(n)
space, where 1 is the total number of wires involved

and p is the size of the solution, which is optimal in
the worst case.

Proof. We sketch only those parts of the argument
that are distinct from the proof of Theorem 1. An

increase in the size of the biggest partial solution
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found so far can result not only from a wire that is
directly appended to the sequence, but also from a
loose wire that causes a series of shifts of fixed
wires to the right. In this case, a search for the
loose wire’s position may have been carried out. If
so, the time for the search is bounded by O(¢g|F;|)
when the exponential search technique is applied,
because the fixed wires being shifted must occupy
consecutive positions at the right end of w. If the
size of the solution is increased by more than one
by shifting wires, then at most one search for a
position has taken place, and the other wires have
been accumulated in the queue during the scan of
wires from F,. Hence, for eachi=1, ..., k, at most
O(¢glF.]) extra steps are carried out for increasing
the size of the solution, the sum X¥_,#g|F,| being
bounded by O(n). The cost for finding all p wires
in the solution is consequently bounded by O(n +
p). For all wires not belonging to the solution, we
may be forced to carry out a search for the posi-
tion in the sequence of wires, amounting to O((n
—p)Zg(p + 1)) time. The scan through the wires
coming from F, needs at most |F,| steps, totaling to
O(n) for all F, and sorting the wires of L, accord-
ing to their top terminals’ positions for each i
requires only O(n) steps if the union of all L; is
sorted by bucket sort, and then the sorted se-
quence is scanned and partitioned into the subse-
quences L.. Hence, the overall runtime of the
algorithm is as claimed. The space bound follows
trivially. Optimality carries over from Theorem 1.
O

6. Discussion

Note that our algorithms implicitly compute all
optimal solutions. A compressed representation of
all of them, e.g., as a directed acyclic graph, where
each node corresponds to a wire, all of them being
distinct, and each path from a source node to a
sink corresponds to an optimal solution, can easily
be constructed in time proportional to the number
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of distinct wires in all solutions.

Observe, furthermore, that our algorithms not
only combine the advantages of [4,5,6], but also
behave linear within a wider range of p, compared
to [6], where only while p > n — ¢ for a constant ¢
linear behavior is guaranteed; in our case, p > n —
n/£g n is already sufficient.

Finally, it should be pointed out that the maxi-
mum independent set problem for permutation
graphs studied in [1] can now be solved in O(p +
(n — p)/g p) time by our algorithm, where p is the
output size.
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