Approximating Minimum Spanning Setsin
Hypergraphs and Polymatroids

Gregor Baudis, Clemens Gropl, Stefan Hougardy, Till Noéih and
Hans Jurgen Promét

Institut fur Informatik, Humboldt-Universitat zu Benlj 10099 Berlin, Germany

Abstract. We present a new analysis of the greedy algorithm for thelpnob
of finding a minimum spanning subset kapolymatroids. This algorithm has
a performance ratio of approximately k, which is best possible for large.

A consequence of this algorithm is a polynomial time appr@tion algorithm
with approximation ratidn & for finding minimum weight spanning subhyper-
graphs in(k + 1)-restricted hypergraphs. This generalization of the \Wetiwn
set cover problem naturally arises when computing Steimginmim trees. Other
applications of the algorithm include the rigidity problémstatics.

1 Introduction

Given a sefS with n elements and a collection of weighted subset§,ahe set cover
problem asks for a minimum weight subcollection of thesesstgthat cover all ele-
ments ofS. This problem is known to be NP-hard and a result of Feigerj8ijdates
that set cover cannot be approximated in polynomial timéebé&tanin n. Chvatal [3]
showed that a certain variant of the greedy algorithm yield$7 (k)-approximation
algorithm for k-set cover, i.e., the set cover problem where the size ofubléets is
bounded byk. Here,H (k) denotes thé&-th harmonic number, i.eH (k) = Ele 1/i.
The result of Feige and the fact thAti(n) = lnn + O(1) imply that the greedy al-
gorithm is the best possible polynomial time approximattgorithm for set cover. A
straightforward reduction from the minimum vertex coveolgem with bounded de-
grees [14] shows thdt-set cover is APX-complete for every constarit 3, while 2-set
cover (also known as the edge cover problem) can be solvetlgikapolynomial time.
The set cover problem can also be viewed as a problem in hsgperg: Given a
hypergraph+ with weights on its edges, find a minimum weight subhypergmaiisH
that covers all vertices dff. Theminimum spanning sub(hyper)graph problem (MSS)
is a variant of this problem, where the subhypergraph isiredquo be connected. A
hypergraph is called-restricted if the size of all hyperedges is bounded byin this
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paper, we present a new analysis for the gre#di — 1)-approximation algorithm for
the minimum spanning subhypergraph problentirestricted hypergraph&{MSS).
Note that our analysis naturally generalizes Chvatal#yasis for thek-set cover prob-
lem, which is a special case ¢ + 1)-MSS: An optimum solution td-set cover for a
hypergrapl# is an optimum solution ték +1)-MSS in the hypergraph that is obtained
from H by adding the same new vertex to all hyperedgé&.in

There is a close connection between ¥aBISS problem and the problem of com-
puting Steiner minimum trees: Given a gragh= (V, E) with terminal setS C V' a
k-restricted hypergraph on the vertex Setan be generated by taking as hyperedges all
subsets of5 of size at mosk and weighting such a subset with the length of a Steiner
minimum tree for this subset. Note that for constarthese weights can be computed in
polynomial time. A minimum spanning subgraph in tkatestricted hypergraph yields
a Steiner tree ild7. It has been shown [4, 2] that for sufficiently largéhe length of this
Steiner tree comes arbitrarily close to the length of a 8taininimum tree. Therefore,
good approximation algorithms to tkeMSS problem yield also good approximation
algorithms for the Steiner tree problem. All recent appmtadion algorithms for solving
the Steiner tree problem [17,19, 1, 20, 15, 9, 8, 16] are basehis approach.

The approximation algorithm fdr-MSS uses a similar greedy strategy as Chvatal's
algorithm fork-set cover. However, the analysis needs some new idea. Tihe@azon
for this is that the connectedness of the subhypergraph ecasred in a solution to
k-MSS —is a global property that cannot be decided locallysyting with an empty
subhypergraph and greedily adding hyperedges, the nunilbengponents decreases
by a certain amount. The reduction of the number of compariera map defined for
each set of hyperedges. This map has a well known combiabfmoperty: It is the
dimension function of golymatroid. This shows that th&-MSS problem can be for-
mulated as the problem of finding a minimum spanning set inr@icepolymatroid.
The general concept of polymatroids provides a natural waghepe the arguments
needed for the analysis of the greedy algorithm. An analyased on linear program-
ming duality was given by Wolsey [18]. Our new analysis el the fact that each
polymatroid can be represented by a system of subsets ofpao@jately chosen ma-
troid. The above mentioned result of Feige [5] implies tinat approximation ratio of
the greedy algorithm for spanning setskifpolymatroids and fok-MSS is best possi-
ble for largek. See also Fujito’s survey article [6] for a related LP-badedl greedy
algorithm with an incomparable performance ratio.

In the next section, polymatroids and the spanning set prolibr them are in-
troduced. We also describe more formally how the spannihgrsyh and set cover
problems reduce to it. As another application of polymatibieory for which an ap-
proximation algorithm is useful, we sketch the problem ofliity a minimum cost set
of joints in a bar and joint structure that make it rigid. Tleenaining sections contain
our new analysis of the greedy algorithm.



2 Polymatroids and Applications

A polymatroid P = (H,d) consists of a finite sell and adimension function d. The
dimension function maps each subsettbto an integer. It is nonnegative, monotone
increasing, and submodular, i.e.

VX,YCH: dXNY)+d(XUY) < d(X)+d(Y).

If d({h}) < kforall h € H, thenP is called ak-polymatroid. A 1-polymatroid is a
matroid.

AsetX C H is called aspanning set, if d(X) = d(H). Given a weight function
w : H — R, theminimum spanning set problem is to find a spanning s&t of P that
minimizesw(X) := 3y w(x).

LetH = (V, H) be a connectebrestricted hypergraph with edge weights H —
R. (Thatis, |h| < k for h € H.) Then thek-restricted minimum spanning sub-
hypergraph problem §-MSS) is to:

Minimize Y, w(h;)
suchthat hq,...,h, € H,
(V,{h1,...,hm}) is connected.

A minimum spanning tree for a graph can be found using thedyralgorithm in the
graphic matroid. In a similar way, polymatroids are relai@dhe minimum spanning
subhypergraph problem.

The edge set of a minimum spanning tree is minimum-weigHugicn-maximal
circuit-free, as well as a minimum-weight spanning set. ypdrgraphs, a minimum-
weight spanning edge set needs no longer be circuit freeaangpg tree might not
even exist. Hence the minimum spanning tree problem has énerglizations for hy-
pergraphs: one can search for an inclusion-maximal cifceiit set as well as for an
inclusion-minimal spanning set of hyperedges. Both proisiéave a counterpart for
polymatroids:

Firstly, one can ask for a minimum-weight inclusion-maximiecuit-free set in a
polymatroid. A subseK of a polymatroid is circuit-free itl(X) = >_, . x d(h). This
can be used, e.g., to find a common independent senaditroids, since the sum &f
matroid rank functions is the dimension function of-@olymatroid. Korte and Haus-
mann [10] have shown that the greedy algorithm yiel@sapproximation for the latter
problem. Secondly, one can look at minimum-weight spansitg in polymatroids,
which is the subject of this paper.

The minimum spanning subhypergraph problenfint 1)-restricted hypergraphs
reduces to the minimum spanning subset probler-polymatroids in the following
way: Given a hypergrapt = (V, H), consider the complete gragh = (V, E),
E = (‘,;) on the same vertex set and denote its graphic matrofd&by). Note that the
set of graph edges contained in a hyperetigas rank-((%)) = |h| — 1, the number



of edges of a spanning tree far Therefore, we obtain &-polymatroid(H, d) if we
putd(X) == r(U{ (%) | h € X }) for X C H. The spanning sets of the polymatroid
(H, d) correspond one-to-one to those of the hypergapt).

Another application of the spanning set problem in polywids is the problem of
finding a minimum cost set of joints in a bar and joint struettirat make it rigid. We
sketch this problem here to give an application that is agatyr different from the hy-
pergraph spanning set problem. We follow the expositionafdsz and Plummer [12]
and refer the reader there both for details and for otheriegtfuins of polymatroid
theory.

A bar and joint structure in dimensidnis a graphG = (V, E), whereV C R*. Itis
a model for the statics of buildings and other constructidhg vertices represent joints
and the edges represent bars connecting these joints. Swathaad joint structure is
said to be rigid, if naR* -motion other than translation and rotation is possiblessl
bars are stretched or compressed. Two questions naturiaiy €an one tell whether a
given structure is rigid and, if not, how can it be fixed? Assuimat we are able to “pin
down” every vertex inR* at given cost. Obviously, pinning down every vertex makes
the structure rigid. Our algorithm can be used to approxatia minimum cost vertex
subset that needs to be pinned down:

Let ¢(G, P) denote the “degree of freedom” 6f with P C V' pinned down (then
rigidity meansp = 0). Letd(P) := ¢(G, D) — (G, P). Then(V, d) is ak-polymatroid,
and spanning sets correspond one-to-one to vertex subsesewinning-down makes
G rigid.

As already mentioned in the introduction, theset cover problem reduces to the
(k + 1)-restricted minimum spanning subhypergraph problem byradd common
point to all sets. An instance transformation in the reveisection is unknown. How-
ever we can lift Chvatal's analysis of the greedy algoritfon set cover to MSS.
The dimension of a set of hyperedg&sC H is the maximal size of a foredt C
U{ (’;) | h € X }. Intuitively, the edges iF” correspond to the points of a set cover in-
stance which are covered B. This does not yield an instance transformation, because
there are many possibilities to choaBelnstead, we use the polymatroid properties to
“deform” the algorithmic solution incrementally into antopal one, while keeping the
weights under control.

3 TheGreedy Algorithm

We study the following variant of the greedy algorithm foe theighted spanning subset
problem in a polymatroidH, d).



GREEDY WEIGHTED SPANNING SET (H, d)

Init: X « 0;
While d(X) < d(H) do
w(h)
(X U {h}) —d(X)

X « XU argmin{d

{h}CH }:
Output X.
In the rest of the paper we shall prove the following

Theorem 1. Let P = (H,d) bea k-polymatroid, and let w : H — R. If ALG denotes
the output of GREEDY WEIGHTED SPANNING SET (H,d) and OPT is a minimum
weight spanning set of P then

w(ALG) < H(k) - w(OPT).

In other words, GREEDY WEIGHTED SPANNING SET isan H (k)-approximation.

4 Analysis

Letn := d(H) and assume th&ALG = {g¢1,...,9m}, m € N, whereg; is thei-th
element picked by the algorithm. We may assume without lbgeperality thatw is
nonnegative.

Helgason [7], McDiarmid [13], and Lovasz [11] have showattleach polyma-
troid can be obtained from some matrdidl = (E,r) by the following construction:
An elementh of the polymatroid corresponds to sog C E, such thatd(X) =
7(Upex An). For simplicity we identifyh and 4y, i.e. we assume that C E for all
h € H and thatd(X) = r(|JX) forall X C H. ThenP = (H, d) is ak-polymatroid
for k = maxpecpm r(h). In the following, we assume th@ and M are related in this
way.

Let Sy := Ag := 0 and fori = 1,...,m let S; be the extension of;_; to a basis
of 4; :== U{g1,.-.,9:}. Itis an essential property of matroids that this alwaysksor
and sinceALG is a spanning sef§ := .9, is a basis ofE. Let¢; := |S;| and denote
the elements of bye;, j =1,...,n,such thatS; N\ S; 1 = {es,_,41,-.-, €4}

For the optimum solution |&f' C |J OPT be another basis df. For everyf € T
choose a)(f) € OPT such thatf € ¥ (f). Observe that, for alt € OPT, »~1(h) is
independent, and therefore

W7 ()] < r(h) < k. 1)

In order to compare the two solutions we needeformation ¢ of S to T, i.e.
¢ : S < T is abijection such that, for evepfy=0,...,n,

T; = T\(p({eh..-,ej})U{€17~-~7€j} (2)



is a basis forE. We define that deformatiop incrementally: Letly := T'. For each
j = 1,...,nthere are two possibilities: ¥; € T;_; then letp(e;) := e; andT} :=
T;_:. Otherwise,T;_; U {e;} contains a circuiC. SinceS is a basis, there exists an
feC NS Letp(ej) := fandT; :=T;_1 U{e;} ~ {f}. Theny is injective by (2),
and bijective for cardinality reasons.

The following piece of notation will be useful later: Foe= 0, ..., m, let

Ui =Ty, N Si =T N ¢(Si) = 0(S) N ¢(Si) = (SN Si) = p({etit1,- - en}).

Forh € OPT let U;(h) := U; N y~t(h) andu;(h) := |U;(h)|. Observe that/;(h)
is independent and, thereforg,(h) = »(U;(h)). SinceT is the disjoint union of the
U;_1 \U;, we have

7 () = U, Us 1(0) < Uih). @

We now turn to the analysis of the algorithm. Roe 1,...,m andh € H define
¢i—1(h) == r(A;—1Uh)—r(A4;_1). Then the choice qf; in the algorithm is made such
that

w(g;) w(h)
ci—1(9s) < ci—1(h) @)

forall h € H. S; is a basis ofd; and forh € OPT, S; U U;(h) C Ty, is independent.
Therefore,

T(Az) +T(Ui(h)) = T(S,) + T(U,(h)) = T(Sz U Uz(h)) < T(Ai U h),

where the last inequality follows from the monotonicitysofindy=1(h) C h. This
shows that

ui(h) = r(Ui(h)) < ci(h). (5)

To estimates(OPT) in terms ofw(ALG), we distributew(ALG) among$, i.e. for all
i=1,...,mlet

w(gi) _ w(g;)
cio1(9:)  li—liq’

w(e;) = j=4bia+1,...,0. (6)



Then

wALG) = S u(g) = Y w(e)
i=1 ecS
=Y wle'() = > > wle )
feT hEOPT fey—1(h)

= > i > w(e™ (1)) by (3)

REOPT i=1 feU;_1(h)~Ui(h)

= > > (uisa(h) — ui(h)) @(gi). by (6)
heOPT i=1 ci—1(9s)
N wi1(h) — wi(h)
5 hG%:‘)Tw(h) e by (4)
N wi1(h) — wi(h)
: hezo:‘aTw(h) ; T wa(h) by (5)

Using the bound

s ui_l(h) — uz(h)

way S H(uo(h) = H(um(h)),

i=1
um (h) = 0, and thatug(h) < k by (1), this implies
w(ALG) < H(k) > w(h) = H(k) - w(OPT),
heOPT

proving the theorem.
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