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Abstract. We present an expected polynomial time algorithm to geaeada-
beled planar graph uniformly at random. To generate theaplgraphs, we derive
recurrence formulas that count all such graphs wittertices andn edges, based
on a decomposition into 1-, 2-, and 3-connected componéwois3-connected
graphs we apply a recent random generation algorithm byeSfelnand a count-
ing formula by Mullin and Schellenberg.

1 Introduction

A planar graphis a graph which can be embedded in the plane, as opposetiap a
which is an embedded graph. There is arich literature onrthmerative combinatorics
of maps, starting with Tutte’s census papers, e.g. [21]. ffinient random generation
algorithm was recently obtained by Schaeffer [17]. Mucls lissknown about random
planar graphs, although they recently attracted muchtaitefs, 5, 6, 9, 13, 15]. Even
the expected number of edges for random planar graphs isnoetrk(both in the la-
beled and in the unlabeled case), and the gap between knqwem apd lower bounds
is still large [5, 9, 15]. There are also some results on tlyenasotic number of la-
beled planar graphs [3, 15]. If we had an efficient algoritbrgénerate a planar graph
uniformly at random, we could experimentally verify cortjges about properties of
the random planar graph. We could also use it to evaluatewbrge-case running
times of algorithms on planar graphs. Denise, VasconcalakWelsh [6] introduced
a Markov chain having the uniform distribution on all lab#l@danar graphs as its sta-
tionary distribution. However, the mixing time is unknowmdsseems hard to analyze,
and is perhaps not even polynomial. Moreover, their algoribnly approximates the
uniform distribution.

We obtain the first expected polynomial time algorithm toeyate a labeled planar
graph uniformly at random.
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Theorem 1. A random planar graph witm vertices andn edges can be generated
uniformly at random in expected tin(n'3/2) after a deterministic preprocessing of
running timeO(n” (log n)?(log log n)). The memory requirement®(n® logn) bits.

We believe that the actual generation is much faster in jggcsee Section 6. Our
result uses known graph decomposition and counting teaksifP2, 25] to reduce the
counting and generation of labeled planar graphs to thetoapand generation of 3-
connectedooted planar mapsalso callect-nets

Usually a planar graph has many embeddings which are noneigthic as maps,
but some graphs have a unique embedding. A classical thexiidfhitney (see e.g. [7])
asserts thad-connected planar graphs aigid in the sense that all embeddings in the
sphere are combinatorially equivalent. f®ting destroys any further symmetries, c-
nets are closely related to 3-conneclebeledplanar graphs. Moreover, the ‘degrees
of freedom’ of the embedding of a planar graph are governdtslmpnnectivity struc-
ture. We exploit this fact by composing a planar graph out-p2-, and3-connected
components.

The generation procedure first determines the number of coems, and how
many vertices and edges they shall contain. Each conneotaganent is generated
independently from the others, but having the chosen nusntifevertices and edges.

To generate a connected component with given numbers a€esrnd edges, we de-
cide for a decomposition intB-connected subgraphs and how the vertices and edges
shall be distributed among its parts. So far this approasinigar to the one used in [4],
where the goal was to generate random outerplanar graptie planar case we need

to go one step further.

Trakhtenbrot [20] showed that eve2yconnected graph is uniquely composed of
special graphs (callegetwork$ of three kinds. Such networks can be combined in se-
ries, in parallel, or using 8-connected graph as a template (see Theorem 2 below).
Using this composition we can then employ known results attiicounting and gen-
eration of3-connected planar maps.

The concept of rooting plays an important role for the enwatien of planar maps.
A face-rootedmap is one with a distinguished edge which lies on the outsr #nd to
which a direction is assigned. The rooting forces isomamisito map the outer face
to the outer face, keep the root edge incident to the outer, fawd preserve its direc-
tion. The enumeration df-connected face-rooted unlabeled maps with given numbers
of vertices and faces was achieved by Mullin and Schellenfef]. We invoke their
closed formulas in order to couBtconnected labeled planar graphs with given num-
bers of vertices and edges. For the generatidnainnected labeled planar graphs with
given numbers of vertices and edges we employ a recent tidgolly Schaeffer [18]
running in expected polynomial time.

When we apply the various counting and generation subresititong the stages
of the connectivity decomposition, we must branch with igatrprobabilities. Instead
of explicit (closed-form) counting formulas, which seenffidult to obtain, we derive
recurrence formulas that can be evaluated in polynomia tising dynamic program-
ming. These recurrence formulas can be translated imnedyliato a generation pro-
cedure.



The paper is organized as follows: In the next section we thieegraph theoretic
background for the decomposition of planar graphs alonig tomnectivity structure.
This decomposition guides us when we derive the countingditas for planar graphs
in the following three sections. We analyze the running thtnd memory requirements
of the corresponding generation procedure in Section 7.eS@sults from an imple-
mentation of the counting part are shown in Section 8. We lcolecwith a discussion
of variations of the approach.

2 Decomposition by Connectivity

Let us recall and fix some terminology [7, 22—-24]gfaphwill be assumed unoriented
andsimple i.e., having no loops or multiple (also callpdrallel) edges; if multiple
edges are allowed, the temmultigraphwill be used. We consider labeled graphs whose
vertex sets are initial segmentshf.

Every connected graph can be decomposedilttcksby being split at cutvertices.
Here a block is a maximal subgraph that is eitBeronnected, or a pair of adjacent
vertices, or an isolated vertex. Thick structureof a graphG is a tree whose vertices
are the cutvertices @ and the blocks (considered as verticegofvhere adjacency is
defined by containment. Conversely, we wilmposeonnected graphs by identifying
the vertex0 of one part with an arbitrary vertex of the other. A formal d&fon of
compose operations is given at the end of this section.

A network N is a multigraph with two distinguished verticésand 1, called its
poles such that the multigrapiv* obtained from/N by adding an edge between its
poles is2-connected. (The new edge is not considered a part of theonelwVe can
replace an edgev of a networkd/ with another networkX,, by identifyingu and
v with the poles) and1 of X,,, and iterate the process for all edgesiéf Then the
resulting graphG is said to have @ecompositiorwith core M and components¥,,

e € E(M).

Every network can be decomposed into (or composed out ofjanks of three spe-
cial types. Achainis a network consisting df or more edges connectedsarieswith
the poles as its terminal vertices.b®ondis a network consisting df or more edges
connected irparallel. A pseudo-bricks a networkN with no edge between its poles
such thatv* is 3-connected.J-connected subgraphs are sometimes called bricks.) A
networkN is called arh-network(respectively, g-network or ans-networl if it has a
decomposition whose core is a pseudo-brick (respectiaddpnd, or a chain). Trakht-
enbrot ([20], see [24]) formulated a canonical decompasitheorem for networks:

Theorem 2 (Trakhtenbrot). Any network with at least 2 edges belongs to exactly one
of the 3 classes: h-networks, p-networks, s-networks. Agtivork has a unique decom-
position and a p-network (respectively, an s-network) caamiquely decomposed into
components which are not themselves p-networks (s-netjyarkere uniqueness is up
to orientation of the edges of the core, and also up to theadeoif the core is a bond.

A network issimpleif it is a simple graph. LetV(n, m) be the number of simple planar
networks om vertices andn edges. In view of Theorem 2 we introduce the functions



H(n,m), P(n,m), andS(n,m) that count the number of simple planar h-, p-, and
s-networks om vertices andn edges.

Let us defineeompose operatiorfsr the three stages= 0, 1, 2 of the connectivity
decomposition formally as follows. Assume tiddtand X are graphs on the vertex sets
[0..k —1]and[0 ..« — 1] and we want to compose them by identifying the vertites
of X with the verticesy; of M, for j = 0,...,c¢ — 1, such that the resulting graph will
haven := k +1i — c vertices. (No vertices are identified foe= 0.) Moreover, letS be a
set ofi — ¢ vertices fromc .. n — 1] which are designated for the remaining parfof
Let M’ be the graph obtained by mapping the verticedfofo the sef0 .. n — 1]\ S,
retaining their relative order. LeX’ be the graph obtained by mapping the vertices
[c .. i — 1] of X to the setS, retaining their relative order, and mappintp the image
of v; in M' for j = 0,...,¢ — 1. Then the result of the compose operation for the
arguments\, (vg,...,v.—1), X, andS is the graph with vertex s¢d .. n — 1] and
edge seE(M') U E(X').

We useG(%)(n,m) to denote the number @fconnected planar graphs withver-
tices andn edges.

3 Planar Graphs

We show how to count and generate labeled planar graphs wgitiema number of
vertices and edges in three steps. A first easy recurrencrifareduces the problem
to the case of connected graphs. In the next section, we sélitle block structure to
reduce the problem to th2connected case. This may serve as an introduction to the
method before we go into the more involved arguments of Se&i

Let Fy(n,m) denote the number of planar graphs withvertices andn edges
havingk connected components. Clear,(n,m) = G (n,m) andG© (n,m) =
> #—1 Fr(n,m). Moreover,

Fy(n,m) =0 form+k<n.

We countFy, (n, m) by induction onk. Every graph withk > 2 connected components
can be decomposed into the connected component contai@nvgttex) and a remain-
ing part, using the inverse of the compose operation fer0 as defined in Section 2. If
the split off part hag vertices, then there al((-if__ll) ways to choose its vertex set, as the
vertex0 is always contained in it. The remaining part kas 1 connected components.
We obtain the recurrence formula

n—1 m

ZZ(Z_ )G“’ iy ) Fi-1.(n — i,m — j) .

i=1 j=0

Thus it suffices to count connected graphs. But the counsggrrence also has an
analogue for generation: Assume that we want to generasnaprapiz with n ver-
tices andm edges uniformly at random. First, we chodse [1 .. n] with probabil-
ity proportional toFj (n, m). Then we choose the number of verti¢esf the compo-
nent containing the vertexand its number of edgeswith a joint probability propor-

tional to (7~} )GM (4, ) Fr—1(n — i,m — j). We also pick ar(i — 1)-element subset



S' C[1..n — 1] uniformly at random and sét := S’ U {0}. Then we compos€ (as
explained in Section 2) out of a random connected planatgsép parametersandy,
which is being mapped to the vertex $gtand a random planar graph with parameters
n — ¢ andm — j havingk — 1 connected components, which is generated in the same
manner.

4 Connected Planar Graphs

In this section we reduce the counting and generation of ected labeled planar
graphs to th@-connected case. Lt;(n, m) denote the number of connected labeled
planar graphs in which the vertéxis contained ind blocks. Here we will call them
mg-planars An my-planar is a planar graph in whidhis not a cutvertex. Clearly,
GV (n,m) = 3;11 Mg4(n,m) and

My(n,m) = 0 for n<d or m < d.

In order to count mg-planars by induction od (for d > 2), we split off the largest
connected subgraph containing the vertér which 0 is not a cutvertex. This is done
by performing the inverse of the compose operatiorcfer 1 as defined in Section 2.
If the split off my-planar hag vertices, then there ar(é;:;) possible choices for its
vertex set, as the vertic8sand1 are always contained in it. The remaining part is an
my_;-planar. Thus

n—d+1lm-—1

Z Z( )MllJ)Md i(n —i+1,m—j),

and this immediately translates into a generation proeedur
Next we consider grplanars. Theoot blockis the block containing the vertex

A recurrence formula for mplanars arises from splitting off the subgraphs attached t
the root block at its cutvertices one at a time. Thus we camsig-planars such that
the root block ha$ vertices and the least labeled vertices in the root block are no
cutvertices. Let us call themm, .-planarsand denote the number of,m-planars with
n vertices andn edges byM; .(n,m). ThenMi(n,m) = > ;" My1(n,m). The
initial cases are graphs without cutvertices. We have

G®(n,m) forb=n>2

Myp(n,m) = <1 for b=ne{1,2} andm=n-1

0 for b #n.
To countMy, . using M, 1, we split off the subgraph attached to thth least labeled
vertex in the root block, if it is a cutvertex. This can be aopected planar graph. The
remaining part is an gi-planar. If the split off subgraph hasvertices, then there
are (’:__11) ways to choose them, as the verterf the subgraph will be replaced with
the cutvertex. We obtain the recurrence formula

n—1m-—1

My, .(n,m) ZZ( ) (1)(2])Mbc+1(n—z+l m—j).

i=1 j=0
Again, the generation procedure is straightforward.



5 2-Connected Planar Graphs

In this section we show how to count and generate 2-conngxttedr graphs. Note
that every labeled 2-connected planar graph withertices andn edges is obtained
from some simple planar network withvertices andn — 1 edges by adding an edge
between the poles, then choosing z,y < n—1, z # y, and exchanging the vertices
0 with 2 and1 with y. Thus

n
(mL)N(n,m—l) forn>3,m>3
0 otherwise.

G (n,m) =

Now we derive recurrence formulas for the numBérof simple planar networks.
Trakhtenbrot's decomposition theorem implies
N(n,m) = P(n,m)+ S(n,m)+ H(n,m) forn 2 3,m>2
0 otherwise..

p-Networks. Let us call a p-network with a core consistingfoparallel edges @y-
network and letP;, (n, m) be the number of pnetworks having vertices andn edges.
Clearly, P(n,m) = Y, Pr(n,m). In order to count p-networks by induction o,

we split off the component containing the vertex lab&dxy performing the inverse of
the compose operation far= 2 as defined in Section 2. Technically, it is convenient
to consider the split off component aspa-network But note that according to the
canonical decomposition, g metwork is either an h- or an s-network. Thus

H(n,m)+ S(n,m) forn>3,m>2
0 otherwise.

Pi(n,m) = {

The remaining part is a1 -network (even ik = 2). Fork > 2 we have
Pi(n,m) =0 ifn<2orm<k.

If a p-network withn vertices is split into a pnetwork withi vertices and a p ;-
network, there are(z.‘__g) ways how the vertex label® .. n — 1] can be distributed
among both sides, as the lab@é)d, and2 are fixed. We obtain the recurrence formula

n m-—1
n—3 . . .
Py(n,m) = Z (i_3>P1(1,J)Pk_1(n—z+2,m—j).

s-Networks. Let us call an s-network whose core is a pathk @fdges ars;-network
and denote the number gf-®etworks which have vertices andn edges by5, (n, m).
ThenS(n,m) = Y}, Sk(n,m). We use induction o again, but for g-networks
we split off the component containing the vertex labededgain it can be consid-
ered as an;snetwork, and it is either an h- or a p-network, accordingi® ¢anonical



decomposition. Thus

H(n,m)+ P(n,m) forn>3,m>2
Si(n,m) = <1 forn=2,m=1
0 otherwise.

The remaining part is an,s; -network (even it = 2). Fork > 2 we have
Sk(n,m) =0 fn<k+lorm<k.

Concerning the number of ways how the labels can be dis&ibamong both parts,
note that the label8 and1 are fixed, hence the new 0-root for the remaining part can
be one out ofi — 2 vertices, and then the number of choices for the internaioeess of

the split off §-network is(’;:;). We obtain the recurrence formula

n—1m—1

Summ) = (-2 % (T;__;)Sl(i,j)sk_l(n—i—}—l,m—j).

i=2 j=1

h-Networks. Let us call an h-network whose core is a pseudo-brick@dges an
hx-network and denote the number of,4metworks withn vertices andn edges by
Hy(n,m). ThenH(n,m) = Y.;* . Hi(n,m), as the smallest pseudo-brick has
edges. We can order the edges of the core lexicographicalthé vertex numbers.
A recurrence formula similar to the p- and s-network cassearfrom replacing the
edges of the core with components one at a time and in lexapdde order. To give
names to the intermediate stages.H&gt,(n, m) be the number of ),-networks with
n vertices andn edges, where angh-network is an R-network in which the compo-
nents corresponding to the filseédges of the core are simple edges. THyS,(n, m)
is the number of pseudo-bricks withvertices andn edges, andiy,(n,m) = 0 for
k # m. Applying the recurrence formula derived below fo= k£ — 1 down to0, we
can calculateHy(n, m) = Hyo(n,m), and henceH (n, m). For the initial case, we
have
(n—2)!
2
where@(n,m) denotes the number of c-nets, i.e., roo8edonnected simple maps,
with n vertices andn edges (see the next section): for we asgida the root vertex,
1 to the other vertex of the root edge and the remaining labelsetremaining vertices,
and neglect the orientation. To coui} , usingHy, ¢+1, we split off thel-th component
of an h, ,-network, i.e., the component replacing thth edge of the core. This can be
a network of any of the three kinds. Thus

Hym(n,m) = Q(n,m+1),

N(n,m)+ N(n,m —1) forn>3,m>2
Hi(n,m) = <1 forn=2,m=1
0 otherwise.

The remaining part is anyhy41-network. If the/-th component hasvertices, then there
are (7:22) ways to choose them, as the vertiesnd1 are merged with the endpoints



of the £-th edge of the core, respecting their relative order. Waialthe recurrence
formula

n—2m-—k+1

i) = 303 (3 23) i =i+ 2m—j +1).
=2 =

6 c-Nets

In the preceding sections, we have shown how to count andrateneandom planar
graphs assuming that we can do sodaretsi.e., 3-connected simple rooted maps. For
this one can use a formula for their numtég, m) derived by Mullin and Schellen-
berg in [14]. Using Euler's formula, it asserts that

Qn,m)=0 forn<4orm<n+2

and otherwise

S () ()

=2 j=n

2m —2n+ 2\ (2n — 2 4 2m —2n+1 2n -3
* K n—i )(m—j) ( n—i-1 )(m—j—l)] '
This concludes the counting task.

A generationalgorithm for c-nets with given numbers of vertices and edgs-
ning in expected polynomial time algorithm is due to Scheweét al. [1, 2, 16-18].
Here we only outline the method. The c-net is obtained byaetitng the 3-connected
core from a 2-connected map. There is a linear time algorithgenerate 2-connected
maps [16], and the extraction is linear as well [17]. If thegmaeters of the 2-connected
map are tuned appropriately, chances are good that theingsainet will have the
desired parameters. Otherwise the sample is rejected angrdtedure restarts. A
map withn vertices andn edges is said to have ambalancex which is defined by
n+1=m(% + z). To obtain a core withn edges and imbalanee one should select
a 2-connected map with imbalange andm/ag(3z) edges, where theining ratiois

ag(z) = ﬁw—% [2,17]. We havex(z) = £2(1/m) in the worst case. The

expected number of iterations@m?/3 +1/p,) for any given number of edges, where
the probabilityp,, that the core (whose size obeys a bimodal distribution) rasam
edges ip, = ¥ay(3z)? = 2(1/m?), and theD(m?/?) term accounts for prescribing
the exact number of edges. Prescribing also the number tiéegexactly (and not just
up to a constant factor as in [17]) increases the running biyn@nother facto© (n'/?)
(see [16, p. 140] and [18]). Thus a random c-net witledges and imbalanaecan be
generated in expected tin@¥(m!+2+1/2+2) = O(n'1/?).

We conjecture that in fact a much faster generation shoulddssible based on
two grounds: Most c-nets have an imbalance With < 1/2 — ¢, wheree > 0 is
any constant. In this case the tuning radig and hitting probabilityp, are bounded
by constants and the expected running time reducé€y(to'+2/3+1/2) = Q(n'3/6),



Moreover, if we are about to generate many planar graphs, igletistore the rejected
samples for future use, possibly resulting in a near-lis@aortized running time at the
expense of a larger (but still polynomial) memory requiratme

7 Running Time and Memory Requirements

In this section we establish a polynomial upper bound onxtpeeted running time and
the memory requirement of our algorithm.

A number of dynamic programming arrays has to be pre-cakdlaefore the ac-
tual random generation starts. As an example, considerebgrmence formula for
Hy, ¢(n,m). The number of entries i®(n?) for all tables. All entries are bounded
by the number of all planar graphs. Therefore the encodingtleof each entry is
O(log(n!38™)) = O(nlogn) [6,15] and the total space requirementién® logn)
bit. The calculation of each entry involves a summation @¥er?) terms. Using a fast
multiplication algorithm, the precomputation time(n” (log n)2(log logn)).

We assume that we can obtain random bits at unit cost. In dodprepare for
branching with the right probabilities, we can easily cédtel the necessary partial
sums in a second pass over the dynamic programming arraysaiéhen perform
random decisions with the right probabilities in time lingathe encoding length, i.e.,
in O(nlogmn).

The total expected time spentin all calls to Schaeffer'stgeneration algorithm is
bounded byO(n'3/2) (but we believe it is much faster in practice, see SectioSiB)i-
larly, the random decisions for the connectivity decompasiequireO(n? logn) time
in total. An h-element subset of A-element ground set can be choser0ith log k)
time, hence the total time spent for random decisions fordbel assignments dur-
ing the composition i€)(n2 log n) as well. The compose operation itself is linear and
requires at mosP(n?) total time.

We see that the running time is dominated®gn” (log n)?(loglogn)) for the pre-
processing and)(n'3/?) (in expectation) for the random generation of c-nets. The
space requirement 3(n° logn) bits due to the dynamic programming arrays.

8 Experimental Results

In this section we report on computational results from aplémentation of the count-
ing formulas. The program was written in C++ using the GMFdilg for exact arith-
metic [10]. A run for30 vertices completed within one hour on a 1.3 GHz PC using 605
MB RAM. We also checked the recurrences and initial case®iti@ 3-6 using an
independent counting method. A list of all unlabeled plagraphs with up td 2 ver-
tices was generated by a program of Kothnig [11]. From thieséabeled planar graphs
were enumerated by ‘brute force’. The unlabeled numbersirim were confirmed by
entries in Sloane’s encyclopedia of integer sequences[i®by [14].

A basic open question is the expected edge density of a ranaloeted planar
graph. The limit for general (no connectivity requiremelaf)eled planar graphs is
known to be> 13/6 = 1.86 [9] and < 2.54 [5] (even< 2.52 [12]), and Markov



chain experiments [12] indicate a value aroll. The precise values for up 89
vertices are shown in Figure 1 (a). Note the high influenceoahectivity.

McDiarmid, Steger, and Welsh proved that the quartityn)/n!)*/™ converges to
a limit v, thelabeled planar graph growth constafit3], asn — oco. (Here and in the
following, we letG(n) := >, G(n,m), etc.) As an indicator for the speed of conver-
gence, we plot the value @f(n)/G(n — 1)/n for several ranges of the connecitvity
in Figure 1 (b). For = 2 the limitis = 26.2 (namely,1/z in [3, Thm. 1 (b)]).

The asympototic fraction of disconnected labeled planaplgs is< 1 — 1/e and
> 0 [13]. Figure 1 (c) shows the value 6f¢) (n)/G(n) for various ranges of the con-
nectivity ¢, and Figure 1 (d) shows the distribution of the three typea oktwork,
i.e.,P, S, orH. As some of these quantities apparently converge fastvirepovide
numerical values:

n | €% (6B m)| P S(n) H(n)
() ) N(n) N(n) N(n)

29 |.0420555 | .0003418 | .0511210 | .1740587 | .7748204
30 |.0418449 | .0002650 | .0508880 | .1734036 | .7757084

Figures 2 (e), (f), (g) illustrate the influence of the edgedity on the connectivity.
It would be very interesting to determine the asymptotiqehaf Figure 2 (g). Perhaps
surprisingly, the edge density is also highly related toekpected type of a network,
see Figure 2 (h). — All this calls for further investigation.

9 Conclusion

We have seen how to count and generate random planar graghgieen number of
vertices and edges using a recursive decomposition al@gdhnectivity structure.
Therefore a by-product of our result is that we can also ggaepnnectedand 2-
connectedabeled planar graphs uniformly at random. Moreover it isyeta see that
we can count and generate random plamadtigraphsby only changing the initial
values for planar networks as follows:

N(n,m) = P(n,m) forn=2,m>2
Py(n,m) =1 forn=2m=%k,k>1.

It seems difficult to simplify our counting recurrences tosgd formulas. In this
way one could eliminate the need for a preprocessing stagiegldenerating functions
Bender, Gao and Wormald obtained asymptotidormula for the number of labeled
2-connected graphs [3].

To increase the efficiency of the algorithm one might wantpply a technique
where the generated combinatorial objects only have appaigly the correct size;
this can then be turned into an exact generation procedurejbgtion sampling. A
general framework to tune and analyze such procedures leasdaveloped in [2, 8]
and applied to structures derived by e.g. disjoint unionsdpcts, sequences and sets.
To deal with planar graphs it needs to be extended to the ceenpueration used in this
paper.



iomiau e Jo adAy paloadx3 (p) ‘Alaiosuuod paoadx3 (9)
‘sydeub reue|d pajage] Jo Jaqunua@giel yimolo (q) 'ydeib Jeueld pajage| wopuel e jo Alisusp
abp3 () "usamuqunu ayl uo Asuspuadap ayl Buimoys sjnsal Bununod awos T Bi4

o o
™ [0}
n
" L
L 11 &
L o
L 1o I
N < <
I I
1] 1]
@ @
2 n Q
£ r - £
el
- g g
#* #*
Lol o
; | =
i | o [
H — —NOm
: TR
mm oooo
i A n
4 0
o
(9) ©)
o o
(o] (o]
i oo}
R «
©
I N
18 < N "
I H
0 8
m €
S = 8¢
: H *
H *
B -<- Q
3 ]
[ 0y T\ s N
| |3 \
i i Y
—“ooam 3 ©
ST T TR R e_- Y 19 -
[SNSNINENT) k
©
L 1 © —
-
L L L 2, L
L ¥ ® N 4 O o © I~
N N N N N N - - —
U/ (T-U)py0 / (U))D (@) soonIan # / (sabpa #) 3 (e)




1oMmiau

e Jo adA) paroadx3 (y) ‘Ananosuuoagsalix3 (B) ‘ajeoas oiwyirebol ul tejwis (3) ‘sydeub reueid
pajage| padauu09-30 Jaquinp (3) *ANAII08UU0D By} pusaipa Jo Jaquinu ay) uo Aouapuadap
ay1 moys sainbly ayl "sadianiggsydelb seueld pajaqe) 1o} synsal Bununod swos g Hi4

E Q -
o
L o
~
L o E r €
] I
' " (7]
! & &
—~— i S [ °
EEE : [ Lo )
[=Y=]=] Pl o o #® E:3
reny ) o
z2Z2Z2 i r ™
<= i [t}
—~—— H |
EEE _ o
[e)e)e=) O —NM I
LOO® wnan
anI oooo
i i o
-
i i i I ! o
@ © < © — © < o
[} o =} o =}
siomiau e Jo adA) paoadxg 0)) (Wog)o / (W'og) ;D ®)
o
[ee]
L o
[es]
L o
=
L o
©
€
L o I
n £ 0
" N
%] kel
<] o]
L o
S #*
(3]
3
L o
® L | o
o] el o n
| |
I I o
foodNm: I L 7o)
o ~
[SHGNSNSNS]
E H m L L L L L L m
< < < (32} (92} [32] (32} o
© © © © © © ©
+ + + + + + +
. | | | [} [} [} O [} [} 5}
o o o o o o
~ < ® Y - - -
(wr'0g),)o 0ol 0 (W08 ©)




References

~

15.

16.

17.

18.

19.

20.

21.
22.

23.

24.

25.

C. Banderier, P. Flajolet, G. Schaeffer, and M. Sorian&lanaps and Airy phenomena. In
ICALP’00, number 1853 in LNCS, pages 388—-402, 2000.

. C. Banderier, P. Flajolet, G. Schaeffer, and M. Soria. d®am maps, coalescing saddles,

singularity analysis, and Airy phenomerRRandom Structures and Algorithmi®:194-246,
2001.

. A. Bender, Z. Gao, and N. Wormald. The number of labeledr®iected planar graphs.

Preprint, 2000.

. M. Bodirsky and M. Kang. Generating random outerplanapgs. Submitted. Presented at

the 1st workshop on Algorithms for Listing, Counting, andulireration ALICE 03, 2003.
Available athttp://www.informatik.hu-berlin.de/~bodirsky/publications.

. N. Bonichon, C. Gavoille, and N. Hanusse. An informatibeeretic upper bound of planar

graphs using triangulation. Iim 20th Annual Symposium on Theoretical Aspects of Com-
puter Science (STACR003.

. A. Denise, M. Vasconcellos, and D. Welsh. The random plgreph. Congressus Numer-

antium 113:61-79, 1996.

. R. Diestel.Graph Theory Springer—Verlag, New York, 1997.
. P. Duchon, P. Flajolet, G. Louchard, and G. Schaeffer.dBansampling from Boltzmann

principles. InICALP 2002 LNCS, pages 501-513.

. S. Gerke and C. McDiarmid. On the number of edges in randamapgraphs. Submitted.
10.
11.
12.
13.
14.

The GNU multiple precision arithmetic library, versidri.2.http://swox.com/gmp/.

I. Kdthnig. Personal communication. Humboldt-Unsigit zu Berlin, 2002.

M. Loffler. Zufallige planare Graphen. Studienarbitmboldt-Universitat zu Berlin, 2003.
C. McDiarmid, A. Steger, and D. J. Welsh. Random planaplgs. Submitted, 2003.

R. Mullin and P. Schellenberg. The enumeration of c-mietgjuadrangulationsJournal of
Combinatorial Theory4:259—-276, 1968.

D. Osthus, H. J. Promel, and A. Taraz. On random plaraphgy;, the number of planar
graphs and their triangulationdombinatorial Theory, Series, Bo appear.

G. SchaefferConjugaison d’arbres et cartes combinatoires aléatoieésD thesis, Univer-
sité Bordeaux I, 1998.

G. Schaeffer. Random sampling of large planar maps ameeg@olyhedra. IrProc. of
the thirty-first annual ACM symposium on theory of compu(Bi§OC’99) pages 760-769,
Atlanta, Georgia, May 1999. ACM press.

G. Schaeffer. Personal communication, 2002.

N. J. A. Sloane. The on-line encyclopedia of integer sages.http://www.research.
att.com/ "njas/sequences/index.html, 2002.

B. A. Trakhtenbrot. Towards a theory of non-repeatingtact schemesTrudi Mat. Inst.
Akad. Nauk SSSR1:226-269, 1958. [In Russian].

W. Tutte. A census of planar mag3anad. J. Math.15:249-271, 1963.

T. Walsh. Counting labelled three-connected and horogaimcally irreducible two-con-
nected graphs]. Combin. Theory32:1-11, 1982.

T. Walsh. Counting nonisomorphic three-connectedaslaraps.J. Combin. Theory32:33—
44,1982.

T. Walsh. Counting unlabelled three-connected and bamephically irreducible two-con-
nected graphs]. Combin. Theory32:12-32, 1982.

T. Walsh and V. A. Liskovets. Ten steps to counting plagraphs. InEighteenth South-
eastern International Conference on Combinatorics, Gr@pkory, and Computing, Congr.
Numer, volume 60, pages 269-277, 1987.



