Decomposing, Counting, and Generating
Unlabeled Cubic Planar Graphs

Manuel Bodirsky!3, Clemens Gropl?, and Mihyun Kang'*

! Humboldt-Universitit zu Berlin, Institut fiir Informatik, Unter den Linden 6, D-10099 Berlin, Germany
{bodirsky,kang}@informatik.hu-berlin.de

2 Freie Universitit Berlin, Institut fiir Informatik, Takustrafie 9, D-14195 Berlin, Germany
groepl@inf.fu-berlin.de

Abstract. We present an expected polynomial time algorithm to generate an unlabeled connected
cubic planar graph uniformly at random. We first consider rooted cubic planar graphs, where rooting
means that certain symmetries are broken by specifying one edge as a root and assigning a direction to
it. We derive recurrence formulas for counting the exact number of rooted cubic planar graphs, based
on decompositions along the connectivity structure. This leads to 3-connected planar graphs, which
have a unique embedding on the sphere; but special care has to be taken for rooted graphs, which can
have a sense-reversing and a pole-exchanging automorphism. Therefore we introduce the concept of a
colored network which is used to count rooted graphs with given symmetries via bijections. Colored
networks can again be decomposed along their connectivity structure. For rooted 3-connected cubic
planar graphs embedded in the plane, we switch to the dual and count rooted triangulations. All
these numbers can be evaluated in polynomial time by dynamic programming. We can use them to
generate rooted cubic planar graphs uniformly at random. To generate connected cubic planar graphs
without a root uniformly at random, we apply rejection sampling and obtain an expected polynomial
time algorithm.

1 Introduction

The number of planar graphs, and various subclasses thereof, has been investigated for a
long time (see e.g. [14] for a survey). Significant progress has been achieved only recently [2,
4,18], but the picture is still far from complete. When the graphs are counted up to
isomorphisms, i. e., we consider unlabeled planar graphs, the situation is even more complex.

A maximal planar graph is a planar graph where we cannot add an edge without
destroying planarity. These graphs are triangulations, and Tutte gave an exact formula for
the labeled case [22]. Since almost all triangulations do not have a nontrivial automorphism,
this also yields the asymptotic number of unlabeled triangulations [21]. Every triangulation
is three-connected, and thus has a unique embedding on the sphere (see e.g. [9]). The dual
of a triangulation is a three-connected cubic planar graph, i.e., all vertices have degree
three. Conversely, every three-connected cubic planar graph is the dual of a triangulation.

If a cubic planar graph is not three-connected, it might have several non-equivalent
embeddings. The dual of a cubic (planar) map, i.e., a connected cubic graph embedded in
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the plane, is still a triangulation, but might contain multiple edges and self-loops. Using
generating functions it is possible to determine the asymptotic growth of the number of
cubic planar maps [1]. Brinkmann and McKay [5] developed an algorithm that produces a
list of non-isomorphic planar cubic graphs.

Many difficulties in the enumeration of general unlabeled planar graphs already show
up even if the graph is cubic. On the other hand cubic graphs have properties that simplify
many arguments. A powerful strategy to count them is to decompose the graphs along their
connectivity structure [23]. From the decomposition we can derive recursive formulas, and
these formulas can be used to sample such objects from the uniform distribution, that
is, to generate them wuniformly at random. This approach is an instance of the so-called
recursive method for sampling; an early reference for this method is [17]. The approach
was systematized e.g. in [11].

Another technique for sampling is based on Markov chains. It can be successful even
when it is difficult to apply any deterministic method to analyze the combinatorial objects.
Markov chains on combinatorial objects having a uniform stationary distribution can be
used for Monte Carlo algorithms to sample random instances approximately uniformly
at random. These algorithms are efficient if the Markov chain is rapidly mizing, that is,
the number of steps until the Markov chain is “close” to the uniform distribution (which
is called the mizing time) is polynomial [13]. There are such efficient algorithms for the
generation of certain random structures, for instance, triangulations of convex polygons [15,
16]. However it is not known whether the Markov chain in [8] for the uniform generation
of planar graphs is rapidly mixing. This crucial question is open even for the analogous
Markov chain for outerplanar graphs.

The recursive method for random sampling via the decomposition along the connectiv-
ity structure has several advantages. The sampled objects are ezactly uniformly distributed
because each generation procedure is branching into subroutines with the right probabil-
ities evaluated by counting formulas. The counting formulas are interesting in their own
right. Finally, the running time for the generation improves considerably if we allow pre-
computation to compute the values of the dynamic programming arrays.

Sketch of the strategy. In order to count unlabeled cubic planar graphs, we first have to
root them. Here the root is a distinguished directed edge, and rooted cubic planar graphs
are counted up to isomorphisms that fix the vertices of this edge. Clearly, generating a
random rooted cubic planar graph and then simply ignoring the root edge does not yield
the uniform distribution, since unlabeled graphs generally correspond to different numbers
of rooted graphs. But this imbalance can be compensated by rejection sampling, i.e., the
generation algorithm is restarted with a probability that is inverse proportional to the size
of the orbit of the root (which is linear). In this way we can generate unlabeled connected
cubic planar graphs in expected polynomial time.

Then we decompose rooted cubic planar graphs along their connectivity structure. Our
approach here is motivated by [14], and in principle similar to the one described in [3]; but
for unlabeled structures we need several new techniques. A classical theorem of Whitney
(see e.g. [9]) says that a rooted 3-connected planar graph can have either one or two



rooted graphs

/\

rooted 3-connected graphs pole-symmetric graphs

N '

rooted rooted 3-connected graphs pole-symmetric 3-connected graphs
3-connected maps with sense-reversing automorphism ¢

; ¢ / pole-symmetric 3-connected graphs
rooted embedded colored networks with sense-reversing automorphism
triangulations ¢

pole-symmetric colored networks

Fig. 1. Dependencies of the sections and concepts in this paper.

embeddings in the plane where the root edge is embedded on the outer face. In the first
case we say that it has a sense-reversing automorphism or it is symmetric. We deal with the
symmetric and the asymmetric case separately. For 3-connected planar graphs it is difficult
to deal with the asymmetric case explicitly. Therefore we only provide a decomposition
strategy, counting formulas, and a generation procedure for the symmetric case and for
rooted 3-connected maps. Having this, we can also generate the asymmetric case: We first
generate a rooted 3-connected map uniformly at random, and test whether the generated
object has a symmetry or not. Then we can use rejection sampling, since we know the
number of symmetric and asymmetric objects. This yields an expected polynomial time
algorithm, since the number of asymmetric objects is much larger than the number of
symmetric objects. In the case of three-connected cubic planar graphs this was shown for
the dual objects [21], which are planar triangulations. To count and generate triangulations,
we decompose the more general rooted near-triangulations, i.e., embedded graphs where
every face except the outer face is a triangle. For these objects an exact formula was given
by Brown [6]. In our decomposition we control the number of vertices at the outer face and
additionally the degree of one of the poles, as we need to have control over this parameter
for the earlier steps of the decomposition.

In the decomposition of rooted graphs we also have to deal with automorphisms that
exchange the poles. In this case we say that the rooted graphs are pole-symmetric, and we
decompose and count them along their connectivity structure until we end up with pole-
symmetric 3-connected graphs. We are left with the task to count and generate symmetric
3-connected graphs and pole-symmetric 3-connected graphs. For that we show new bijective
correspondences to colored networks, a new concept that we introduce in Section 5, and
decompositions of these objects. We believe that planar graphs with various symmetries
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and their enumeration are interesting in their own right. Recently they also attracted
attention in graph drawing [10].

Plan of the paper. We first introduce important concepts for the decomposition of rooted
graphs. Figure 1 shows the dependencies between the concepts in the decomposition and
the counting formulas, and also gives an overview of the dependencies of the remaining
sections in this paper. In the conclusion we show how to apply these decomposition results
and the exact counting formulas to generate connected cubic planar graphs uniformly at
random.

2 Graph Decompositions

In this section we introduce concepts that we need for the decomposition of graphs. But
first we recall some graph-theoretical concepts. A graph is simple if it does not contain
multiple-edges or self-loops. A graph is planar if it can be embedded in the plane, and it
is cubic if every vertex has degree three. A graph G is called k-connected if |G| > 2 and
G — K is connected for every set K C G with |K| < k.

Let G be a simple graph with distinguished vertices s,t and let e = st be a separate
directed edge from s to t (called the root-edge) such that if we insert the edge e into G
the resulting multigraph G* is connected. If s and ¢ were already connected by an edge in
G, we introduce a multi-edge in G*. We also allow the case that e is a self-loop. We call
such graphs rooted, and say that a rooted graph G is planar, cubic, or k-connected if and
only if G* has the corresponding property. A k-point set K of a graph G is called a k-cut
of G if G — K is disconnected. A single point that forms a 1-cut is called a cut-vertex.
A 2-cut is also called a split pair. Two adjacent cut-vertices form a cut-edge, and we say
that a cut-edge separates two vertices u, v if u, v are contained in two different connected
components of G after deleting the cut-edge (but not its ends) from G.

For cubic graphs we often make use of the following operation: We replace an edge
uv by a graph rooted at st by connecting u to s and v to t. If the original graph and
the rooted graph were cubic, the resulting graph will again be cubic. Then we have the
following structure theorem for rooted cubic graphs:

Theorem 1. A rooted cubic graph G is of precisely one of the following types:

— d: The vertices s and t are contained in two different connected components of G.

— s: There is a cut-edge in G that separates s and t.

— p: There is no cut-edge in G separating s and t, and either s and t are adjacent in G
or they form a split pair of G.

— h: The graph G is built from a uniquely determined 3-connected rooted cubic graph H,

where the root is not a self-loop or a multi-edge in H*, by replacing some edges of H

(in the above sense) with rooted s-, p-, h-, or g-graphs.

g: The root is a self-loop, i.e., s =t.
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Fig. 2. Types of rooted cubic graphs

Proof. The cases that G is a g- or d-graph are obviously disjoint from the other cases. If G
is an s-graph it cannot be a p-graph, and vice versa. If G’ contains a split pair, one of the
corresponding components does not contain a root vertex. We replace this component by an
edge if we can preserve three-regularity. If we iterate this process, the graph will eventually
be 3-connected, or an s- or p-graph. Since the replacement operations are confluent and
always terminating, the resulting 3-connected cubic graph H will be unique. O

The corresponding rooted graphs are called d- (for “disconnected”), s- (for “serial”),
p- (for “parallel”), h-, or g-graphs, respectively. The five types of cubic rooted graphs are
shown in Figure 2. A network N is a rooted graph such that N* is 2-connected and the
root is not a self-loop. The unique network with 2 vertices only is called the trivial network.
Note that for a network NV, the rooted graph N* cannot be a d- or a g-graph. The networks
corresponding to the remaining cases we call s-, p-, or h-networks, respectively. In networks,
the vertices s and ¢ of the root are also called the poles of the network. Every split pair
{k1, ks} in N induces a partition of the edge set, and each of these parts is again a network,
where kiko are the poles. These networks are called subnetworks of N. If ki, ko ¢ {s,t}
the split pair {ki, ko} induces two other networks N; and N, with the poles st and k; ks,
respectively, in the sense that we can obtain N by replacing an edge uv of N; by N.

All the main results of this paper are proven for planar graphs only. Thus, if we speak
about graphs, we always assume that they are planar, and do not mention this explicitly.
However, planarity will only be used for the geometric arguments for three-connected
graphs. The other decomposition arguments extend to arbitrary graph classes. For technical
reasons, we allow the cases that the root of a rooted graph might be a self-loop or a multi-
edge. If this is not the case for a rooted graph G we call G a rooted simple graph, which
corresponds to a “standard” rooted cubic graph that has neither a multi-edge nor a self-
loop, but a distinguished directed edge. We will also enumerate these objects at the end of
the next section.



s . g-graph

Fig. 3. Decomposition of a d-graph

3 Counting Rooted Cubic Graphs

In this section we present a decomposition of rooted cubic graphs, and derive recurrence
formulas for counting them. Let r(n) be the number of rooted cubic graphs on n vertices.
According to Theorem 1 we have r(n) = d(n) + s(n) +p(n) + h(n) +g(n), for n > 0, where
the functions d(n), s(n), p(n), h(n), g(n) count the number of d-, s-, p-, h- and g-graphs on
n vertices, respectively. It will be convenient to use the numbers ¢(n) = r(n) —d(n), n > 1,
c(0) = 1, and call the corresponding rooted graphs c-graphs (c for “connected”). Because
of three-regularity, for odd n, there is no rooted cubic graph, that is, these functions take
values zero. One general remark concerning the recurrences in this article: We often give
only the most important initial cases. But in all cases an exhaustive list of initial cases can
be deduced easily from the definitions of the counting functions.

Counting d-graphs. Since a d-graph G without the root edge is disconnected, we can
decompose a d-graph G uniquely into two g-graphs (see Fig. 3): To obtain the first g-graph,
we shrink the connected component containing ¢ in G into the vertex t, connect s and ¢,
and think of a self-loop at ¢ as a root-edge. To obtain the second g-graph, we do the same
for the connected component containing s. For 0 < n < 11, d(n) = 0, and for n > 12,

n—4

dn) = > gli)g(n+2—i).

1=6

Counting s-graphs. Note that every s-graph S has a unique cut-edge uv separating s, ¢
such that u is closest to the vertex s (in this paper, closest is meant with respect to the
length of a shortest connecting path). It could be the case that u = s, or v = t. An s-graph
can be split into a p-, h-, or g-graph rooted at su, and an s-, p-, h-, or g-graph (i.e., a
c-graph) rooted at vt (see Fig. 4). Initially, s(n) =0 for 0 <n < 7. For n > 8,

e

n—

s(n) = Q_(p(i) + (i) + 9(i))e(n—1).

~
I
=
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Fig. 4. Decomposition of an s-graph
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Fig. 5. Decomposition of a p-graph

Counting p-graphs. A p-graph G could contain a non-root edge between s and t. If this
is the case (see Figure 5, left part), then due to the three-regularity of G*, there are unique
non-pole neighbors v and v for s and ¢, respectively, and {u,v} induces a smaller graph
rooted at uv that is a c-graph. These graphs are counted by c¢(n — 2). If the poles are not
adjacent (see Figure 5, right part), a p-graph can be split into two c-graphs, of size ¢ and
n — i — 2. These subgraphs are counted by c¢(i) and ¢(n — i — 2). We must not count twice
the case where the two subgraphs are isomorphic, and this explains the following formula:
for 0 < n <3, p(n) =0, and for n > 4,

(n—4)/2
p(n) = ¢(n—2) + Z c(i)e(n—i—2) + <c((n—2;/2)+1)'

i=4
Counting g-graphs. A rooted cubic g-graph G has a unique neighbor u of the pole s = ¢,
which in turn is adjacent to two other distinct vertices w; and ws in G (see Figure 6). Note
that the orientation of the root of the remainder does not matter. Thus we obtain the
same g-graph in two ways, unless there is an automorphism mapping w; to wy and wsy to
wi. The number of rooted graphs that have such a pole-exchanging automorphism will be
counted by 7(n) in Section 6. Therefore for 0 < n <5, g(n) =0, and for n > 6,

g(n) = (r(n—2) — g(n—2) + f(n—2))/2.

Counting h-graphs. Let G be an h-graph. Theorem 1 asserts that there is a unique
3-connected rooted cubic graph H, such that we can derive G from H by replacing edges
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Fig. 7. Decomposition of an h-graph

in H with rooted c-graphs. We call H the core of G and denote H = core(G). We call
G symmetric if it has a sense-reversing automorphism ¢, i.e., ¢ # id, but ¢(s) = s
and ¢(t) = t, and asymmetric otherwise. In the remainder of this section we treat the
symmetric and the asymmetric case separately. We describe how to construct them from
symmetric and from asymmetric 3-connected networks. If the core of G is asymmetric, we
can uniquely order the edges of the core of G. For that, we define two sequences, for each of
the two possible embeddings of the core in the plane that have the root at the outer face.
To define the sequence for one of these embeddings, we do a depth-first search traversal of
the core, beginning with the root edge and visiting the neighbors of a vertex in clockwise
order with respect to the embedding. We label the vertices with numbers according to the
order of their occurrence in the traversal. We can now denote edges by pairs of such vertex
labels. The sequence we are interested in is the sequence of edges represented in that way,
in the order as we traversed them in the depth-first search. If the core is asymmetric, the
two sequences are distinct, since we can reconstruct the graph from such a sequence. We
can now order the edges of the core uniquely according to the lexicographically smaller
sequence.

If the graph has a symmetric core, clearly both edge sequences are the same. In this case
we order the edges of the core in the following way. Let ¢ be the nontrivial isomorphism.
We start with the edges uv where u = ¢(u) and v = p(v) according to the traversal: we
say such edges are blue. Then we list the edges uv where v = p(u) and u = ¢(v) according
to the traversal: we say such edges are red. We continue with the edges that are not fixed
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by the ¢, and order them according to the traversal. Edges and their images, sometimes
called corresponding edges, are ordered arbitrarily.

Let by, (n) denote the number of symmetric h-graphs B on n vertices, where core(B)
has b blue and r red edges, and the first [ edges of core(B) are edges of B. To generate such
a symmetric h-graph B, we have to start from a symmetric core. We look at the [+1-st
edge of core(B). It might also be an edge in B. If not, it is either blue (for [+1 < b), red (for
b < l+1 < b+r), or uncolored (for [+1 > b+r). If it is blue we can replace it by an arbitrary
s-, p-, h-, or g-graph (i.e., c-graph). If it is red we can replace it by a graph with a pole-
exchanging automorphism (counted by ¢(n), again see Section 6). Otherwise we can replace
corresponding uncolored edges in pairs by the same copy of a c-graph. When [ equals the
number of edges of B, i.e., [ = 3n/2 — 1, we have a 3-connected symmetric network with b
blue and r red edges, which will be counted in Section 5. Thus for 0 < n < 3, b,,,(n) =0,
and for n > 4,

Zizo C(i)bb,r,l—}-l (n—z) for [+1 <b
bora(n) = 4 250 €(D)bprapa(n—i)  for b <I+1 < b+r
Zz’zo c(i)bpr1+2(n—2i) for I4+1 > b+r.

Let a;(n) denote the number of asymmetric h-graphs A on n vertices, where the first
[ edges of core(A) are edges of B. To generate such an asymmetric h-graph A, we could
first take an h-graph which is already asymmetric (counted by a;41) and replace the {+1-st
core edge by a c-graph. Or we could take a symmetric h-graph whose core has b blue and
r red edges and the [ + 1-st edge is red, and replace this edge by a c-graph that has no
automorphism exchanging the poles; for the enumeration of graphs with and without a pole-
exchanging automorphism we refer to Section 6. Finally, we could take such a symmetric
h-graph, where the [ + 1-st edge is not fixed by the automorphism, and substitute two
different c-graphs for the corresponding two core edges. Again when [ equals the number
of edges of A, we have to count the number of 3-connected asymmetric networks; for that
we refer to Section 5. Hence for 0 < n <5, ¢;(n) = 0, and for n > 6,

a)(n) = Zc(i)al+1(n—i) +

i>0
> brs1izol€(d) = €(8))bp 141 (n—1) for b < I+1 < b+r
Zb,'er,i,jZO c(i)e(4)bbriro(n—i—j) — c(i)by42(n—21)  for [+1 > b+r.

With these numbers we can compute h(n) = ag(n) + 3,5, bpro0(n).

Counting simple graphs. We can also compute the number of rooted simple cubic
planar graphs with the functions already introduced. Note that a g- graph together with
the root edge is not simple, since the root edge creates a self-loop. Every d-, or h- graph
together with the root edge is simple. But some s-graphs and some p-graphs together with
the root edge are not simple: An s-graph that can be split into two g-graphs, together with
the root edge, is not simple, because the root edge forms a multi-edge between the poles.
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A p-graph that can be split into a single edge and a c-graph is not simple, because the root
edge again forms a multi-edge. Thus the number of rooted simple cubic planar graphs on
n vertices is

d(n) + h(n Zg (n—i) + p(n) — c(n—2).

4 Networks with a Sense-reversing Automorphism

We want to count 3-connected cubic planar graphs with a distinguished directed edge up to
isomorphisms that fix this root edge. If we additionally specify a face incident to the root
edge, then there is a unique embedding in the plane where this face is the outer face. Thus
we can as well count the dual objects. These are face-rooted triangulations, i.e. maximal
planar graphs with a distinguished directed edge and an incident face. A closed counting
formula for face-rooted triangulations was derived by Tutte [20], see also Section 9.

In general, there are two ways how to obtain a face-rooted 3-connected planar graph
from an edge-rooted one. But if the graph is symmetric then there is only one corresponding
face-rooted graph. Therefore we need to compute the number of the symmetric graphs; then
we can also compute the number of asymmetric graphs. Moreover, we can also generate
asymmetric graphs, using rejection sampling: First we generate a face-rooted 3-connected
planar graph. Then we check whether it is symmetric or not. This can be done in linear time
using known techniques for planar graph isomorphism [12]. If the graph is symmetric, we
reject it and restart the procedure. The procedure will terminate after a constant number
of rounds in expectation, since there are more asymmetric than symmetric graphs. For 3-
connected planar graphs, there are even asymptotically more asymmetric than symmetric
graphs and one round will suffice in most cases. This follows from a result formulated for
the dual objects, namely triangulations [21].

Next, we count face-rooted 3-connected cubic planar graphs with a sense-reversing
automorphism, i.e., an automorphism that fixes the root edge, but maps one incident face
to the other. Let H be a symmetric edge-rooted 3-connected cubic planar graph, and ¢ be
its sense-reversing automorphism. Throughout this section we assume that the root edge
st is not a self-loop, i.e., s # t. A vertex v of H is called blue if ¢(v) = v, and red if v
is connected to ¢(v) by an edge. Thus a vertex is either red, blue, or uncolored, and the
poles are blue. We can think of H as being embedded in such a way that ¢ corresponds
to a reflection, the blue vertices are aligned on the reflection axis, and the red vertices
are connected by an edge crossing this axis perpendicularly (see Fig. 8, left part). Our
arguments do not rely on such a representation, however.

If we remove from H the blue vertices and the edges between red vertices (i. e., we cut H
along the symmetry axis), then the resulting graph has exactly two connected components.
The graphs induced by these components and the blue vertices are isomorphic and will be
called H; and H, (see Fig. 8, right part). We claim that H7 is 2-connected, and hence H;
is a network: Suppose there was a cut-vertex v in H{. Then this cut-vertex together with
the cut-vertex ¢(v) in Hj forms a 2-cut in H*, contradicting the 3-connectivity of H*.
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Fig. 8. Decomposition of a symmetric 3-connected network

Now we extract some more properties of the graphs H; and H; and define colored
networks. They are defined in such a way that we can recursively decompose them, and
that we can establish a bijection between symmetric 3-connected networks and colored
networks.

Definition 1. A colored network is a network N in which some vertices are colored red
and blue such that:

(P1) The colored vertices have degree 2 in N*, and all other vertices have degree 3.

(P2) N* has an embedding such that all colored vertices and the poles lie on the outer face.
(P3) N and all subnetworks of N contain at least one colored verte.

(P4) No nontrivial subnetwork N' of N has two blue poles.

The bijection to symmetric 3-connected networks looks as follows.

Theorem 2. For 3,b,r < n there is a bijection between the following two sets of objects:

(i) colored networks with (n + b)/2 vertices and blue poles, where b is the number of blue
vertices and r the number of red vertices, and

(#) 3-connected networks on n wvertices that have a nontrivial automorphism that fizes b
vertices and exchanges r pairs of adjacent vertices.

Proof. Given a symmetric 3-connected network H, we first check that both H; and H,,
constructed as described above, are networks and satisfy properties (P1) — (P4). They are
2-connected, since if there was a cut-vertex in H;, we would also have a cut-vertex in Ho,
and together they would form a 2-cut in H*. No nontrivial subnetwork has two blue pole
vertices, since these blue pole vertices would be a nontrivial 2-cut in H*. This contradicts
the assumption that H is 3-connected. (P1) and (P1) are immediate from the definition
of Hy and H,. (P3): Every subnetwork contains a colored vertex, since otherwise its poles
would be a 2-cut in H*. (P4): No subnetwork has two blue pole vertices, since these blue
pole vertices would be a 2-cut in H*.

Conversely, we have to (re-)construct for every colored network H; with blue poles the
corresponding symmetric 3-connected network H. First we make an isomorphic copy Ho
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Fig. 9. Colored network

of Hi. Then we identify corresponding blue vertices in H; and H,, and connect by edges
corresponding red vertices in H; and H,. The constructed graph H is clearly a symmetric,
by (P2) planar, and by (P1) a cubic network. Suppose H* was not 3-connected. Then there
is a split pair {k1, k2} in H* that determines two subnetworks N; and N,. We distinguish
four cases:

(1) Both of ki, ko are blue. — This is impossible because then H; or H, would contain a
subnetwork with two blue poles k1, ks, contradicting (P4).

(2) Exactly one of ki, ko is blue. — Then wlog. ks is blue and k; is in H; \ Hs. Let Nj and
N; be those (non-empty) parts of Ny and N, that also lie in Hy. By (P3) there are
colored vertices v; € Nj and v, € Nj. Since H, is 2-connected, there is a path from v;
to vy passing through H, and avoiding k» (and k1), which contradicts the assumption
that ki, ko is a split pair in H.

(3) None of k1, ks is blue, and either both lie in H; or both lie in Hy. — Suppose wlog. both
vertices lie in Hy. Then k; and k, define a nontrivial subnetwork in H;. But since every
such subnetwork contains a colored vertex, this contradicts that kq, k9 is a 2-cut in H*.

(4) Again none of ki, ks is blue, but this time k; is in H; \ Hy, and ko is in Hy \ Hy. — It
cannot be that H; contains vertices from both N; and N, because of 2-connectivity;
the same for Hy. Thus H; either equals N; or Ny, which is impossible by (P3), since a
colored vertex in H; again contradicts that kq, ko is a 2-cut in H*. O

5 Colored Networks

In this section we show how to decompose and count colored networks that bijectively
correspond to 3-connected networks with a sense-reversing automorphism.

Because we consider cubic networks, a colored network with blue poles s and t (see
Fig. 9, left side) has a unique colored subnetwork with poles u, v where v is adjacent to
s and v is adjacent to ¢, and both u and v are not blue (see Fig. 9, right hand side). Let
4 (1) denote the number of colored networks, with b blue vertices, r red vertices, and
n the total number of vertices, that have no blue cut-vertex and whose both poles are



13

Fig. 10. Colored s-networks with no blue cut-vertex

not blue. Moreover we require for flexibility (used in later sections) that the first colored
vertex has distance k to the s-pole. If this distance does not matter we use the function
ny,.(n), which equals ), ny . (n). By Theorem 2 we can express the number of symmetric
3-connected networks as by ;3,/2-1(n) = ny,.((n +b)/2 — 2) for n > 4.

To count colored networks with non-blue poles we introduce the functions s, ,(n),
Ppri(n), and Ry (n) that count the number of colored s-, p, and h-networks where no
cut-vertex and no pole is blue, and let nj, ,(n) = s}, ,(n) + P, 1 (n) + Ay (n). To drive
the recurrence we need one more function: Let sy, ,(n) be the number of colored s-networks
such that both poles are not blue, but that might have a blue cut-vertex, and let ny . ,(n) =
8.k (M) + D (1) + Ry, (). We also introduce the corresponding functions s;, .(n), s;,.(n),
Ppr(n), and hy (n) for the case that we do not require that the first colored vertex has
a distance k to the s-pole. The functions defined here might take non-zero values only if
n>3and b,r,k>0and b+r > 1.

Colored s-networks. We first compute the number s’ of colored s-networks S with no
blue poles and no blue cut-vertex. A colored s-network might have a red pole s. If this
is the case (for £ = 0), then there is a unique neighbor v which together with s forms a
cut-edge. We remove s and the cut-edge su from S and take u as a new pole to obtain a
new colored network with non-blue poles u,¢ and no blue cut-vertex. Such networks are
counted by nj, . ,(n—1) (compare for the left arrow in Fig. 10). If s is not red (for k > 1),
then we consider the cut-edge uv in S which is closest to s (compare for the right arrow in
Fig. 10). Due to our assumption, v cannot be blue. The vertex v might equal ¢, in which
case su is the root of a p- or an h-network. The cut-edge uwv induces a split colored p- or
h-network with non-blue poles s, u (counted by py s, +hjy ), and a remaining part with
non-blue poles v, ¢, which is again an arbitrary colored network that has no blue cut-vertex
(counted by ny ), or a red vertex when v = ¢. This explains the first formula for s; . ,(n).

Analogously we can also compute s”. The split colored network induced by the cut-edge
uv is again counted by pj . + by . . But we have to consider the case that v might be
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Fig. 11. Colored s-networks

blue. If v is blue, it is adjacent to another blue vertex, which in turn has another unique
non-blue neighbor w in S, by 3-regularity (see Fig. 11). The colored network with the
non-blue poles w and ¢ should not contain a blue cut-vertex to satisfy (P4), and therefore
those networks are counted by nfm. If v is not blue, v and ¢ form another colored network
that might have a blue cut-vertex (counted by nj ), or a red vertex if v = ¢. This explains
the formula for s” below. Since every subnetwork contains a colored vertex by (P3) the
parameter k is only relevant for the subnetwork closest to s.

o(n) = my, 1(n—1)
k() = Dyr1 gk (n=1) + hypy p(n—1)
+ D (Bhrra0) + by (D)) My e (0=
>3,/ !
Sg,r,o( ) = ng,r—l(n_l)
Sg,r,k(n) = p;),rf,k(n_l) +h;),r71,k(n_1)
+ Z (Pl o () + My o 6 (0) (9o (n—0=2) + 5y, i (1)) .

i>3,0

!
Sb,r,

!
Sb,’r,

3

Colored p-networks. The colored vertices of a colored p-network must all lie in one of
its two parts, by property (P2). Since every subnetwork has to contain at least one colored
vertex (P3), the other part of the p-network must be a single edge. Moreover the poles s, ¢
are not colored, and thus pj . ,(n) = 0. One (but not both) of the unique neighbors of s
and ¢ in this subnetwork might be blue (P4). If both neighbors v and v are not blue, we
remove the edges st, su, and vt to obtain a new colored network with poles v and v, which
might have a blue cut-vertex; see the left hand side of Fig. 12. The number of networks in
that case is ny, ;.

If there is a blue neighbor u, either for s or for ¢, then u has a unique blue neighbor
w, which in turn has a unique neighbor w’. We remove the edges st, su, vt, uw, and
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Fig. 13. Colored h-networks

ww' to obtain a new colored network with poles w', v. These networks cannot have a blue
cut-vertex and are therefore counted by nj,_, ., 5; see the right hand side of Fig. 12.

p;),r,k(n) = ng,r,k—l(n_2) + 2”;;—2,1",19—3(77‘_4)'

Colored h-networks. The core of a colored h-network H has a unique embedding into
the plane where the root edge and the core edges that are replaced by colored networks
lie on the outer face. Let hj ., ,(n) be the number of colored h-networks such that the first
colored vertex has distance & to the s-pole and the [ closest core edges (on the outer face)
to vertex s are also edges in H. Thus hj, ., (n) = >, by, ,(n). We decrease [ by one in
each step of the decomposition. -

Given a colored h-network such that the first colored vertex has distance k to the s-pole
and the [ closest core edges (on the outer face) to vertex s are also edges in H. We look
at the [+1st closest edge uv on the outer face of the core. It might also be an edge in H.
If not, uv is a split pair in H and determines a subnetwork S (see Fig. 13, left). We split
off S from the h-network. If we insert an edge between u and v in S, it becomes a colored
p-network. The remaining graph after splitting off S is again an h-network. It might be
the case that all colored vertices lie in S (see Fig. 13, right). Then the remaining graph
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after splitting off S is a 3-connected network with at least [ + 1 vertices on the outer face
(which is counted by »°,,, ., tw 3 using its dual, see Section 9).

P e (1 Zpbrk 1-1(142) Z tr 3((n—1)/2+2)

i>1 k141
+ E . Py 11 (142) E Py g g (1)
b i>0 K >TH

Summary. We give a summary of the formulas for the decomposition of colored networks
for the simpler case where we do not specify the distance k of the first colored vertex to
the s-pole.

$pr(n) = Myp_1(n=1) + Pora(n=) + By, 1 (n—1)

+ Z (pgl""’() + hb' ""( )) nb v,r— r’(n Z)

>3,/ !
S;Jl,r(n) = nbr 1(n=1) + pbr 1(n=1) + h?),r—l(n_l)

+ Z (pb’,r’ (l) + h’b’,r’ (2)) (nb—b’—2,r—r’ (TL—’[,—Z) + ng—b’,r—r’ (’I’L—’l,))

1>3,0' !
p;) r(n) = ng,r (TL—Q) + 2n;7—2,1' (’I’L—4)
h;),r (TL) = 5)7' O(n)

bra(n) = Zp’”” (1+2) Z tw3((n—i)/2+2) + Z Dy g (1H2) gy oy g1 (n—1)

i>1 K >1+1 ! i>0

6 Pole-symmetric Graphs

At two points in Section 3 we already needed to count pole-symmetric cubic planar graphs.
The first point we met them was at g-graphs, where we needed an orientation of the two
vertices adjacent to the poles for further decomposition. The second point was that the
edges in the core of an h-network fixed by a sense-reversing automorphism must be replaced
by pole-symmetric rooted graphs.

In this section we consider the decomposition of rooted cubic graphs with such a pole
symmetry and derive recurrence formulas to count them. Let 7(n) be the number of pole-
symmetric rooted cubic graphs on n vertices, where the poles are distinct. According to
Theorem 1 we have 7(n) = d(n)+3(n)+p(n)+h(n), where these functions count the number
of d-, s-, p-, and h-graphs with a pole symmetry on n vertices, respectively. Note that in
7(n) we did not count the rooted graphs where the poles are not distinct. By definition, a
g-graph is pole-symmetric, §(n) = g(n). Finally, let &(n) = §(n) + p(n) + h(n) + §(n), and
call the corresponding graphs pole-symmetric c-graphs.

If a d-graph G has a pole symmetry, then G without the root edge has two identical
components. This component together with the old root edge st forms a g-graph rooted
at the self-loop ss. Thus there is a bijection between g-graphs on n/2 + 1 vertices and
pole-symmetric d-graphs on n vertices: d(n) = g(n/2 + 1).
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g'a ﬁ'a il"a g-graph

Fig. 14. Pole symmetric s-graphs

§'a ﬁ'a i”'a g'graph

Fig. 15. Pole symmetric p-graphs

Pole-symmetric s-graphs. Here we split off a p-, h- or g-graph at both poles simulta-
neously. The remaining graph is either a pole-symmetric c-graph, or an edge (see Fig. 14).
For 0 <n <7, s(n)=0. Forn> 8,

(n—4)/2
§(n) = ) (i) — s(d))é(n—2i) + p(n/2) + h(n/2).

1=4

Pole-symmetric p-graphs. The root edge st induces two components. One of them
might be a single edge (see Fig. 15, left part). Otherwise the two components, rooted at
the corresponding neighbors of s and ¢, are pole-symmetric c-graphs (see Fig. 15, right
part). The two components are not ordered, and thus we count every pair of c-graphs
twice, except pairs having the same pole-symmetric c-graph. This explains the formula: for
0<n<5, p(n) =0, and for n > 6,

(n—4)/2
p(n) = é(n—2) + %( Z &(i)é(n—i—2) + &((n—2)/2)).

Pole-symmetric h-graphs. Let ¢ be a pole-exchanging automorphism of an h-graph H
rooted at st, i.e. ¥(s) =t and 9(t) = s. As in the paragraph on h-graphs in Section 3 we
need to control the number of such hA-graphs that also have a sense-reversing automorphism
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@ with ¢(s) = s and ¢(t) = ¢. In the case where we do not have a sense-reversing auto-
morphism we order the edges of the core of H in such a way that corresponding edges with
respect to the pole-symmetry are consecutive. Blue edges come first, which are followed by
red edges, and then the uncolored edges. This can be done uniquely.

In the case where we have a sense-reversing automorphism ¢, we order the edges of the
core in such a way that we start with the blue edges with respect to ¢ and then the blue
edges with respect to 1. Next we list the red edges with respect to ¢ and then the red
edges with respect to . Finally we list corresponding edges with respect to ¢, followed by
their corresponding edges with respect to 1, consecutively in groups of four.

Let I;b,g,rﬂ(n) be the number of pole-symmetric h-graphs B with a sense-reversing

automorphism ¢ on n vertices, where core(B) has b,lN) blue and r, 7 red edges with respect
to ¢ and 1, respectively, and the first [ edges of core(B) are also edges in B. Analogously we
introduce &Ei,l(”) for the number of pole-symmetric h-graphs A without a sense-reversing
automorphism.

To produce B, we take an h-graph with both ¢ and . The I+1-st edge of core(B)
might be an edge of B. If not, we could replace corresponding blue (with respect to ¢
and ¢ ) edges [+1 and [+2 by an arbitrary c-graph (for [+1 < b+b), or we could replace
corresponding red (with respect to ¢ and ) edges I+1 and [4+2 by a pole-symmetric c-
graph (for b+b < [+1 < b—i—g—i—r—l—f). Finally we could replace corresponding uncolored
edges [+1,...,l4+4 by the same c-graph (for [+1 > b+5+7‘+7~"). The initial case is that all
edges of core(B) are also edges of B, where we have a 3-connected pole-symmetric graph
with a sense-reversing automorphism (see Section 8).

To produce A, we could take either a pole-symmetric h-graph with no sense-reversing
automorphism or an h-graph with both a pole-exchanging and a sense-reversing auto-
morphism. In the first case we might replace the [+1st edge of core(fl) by a c-graph.
In the second case, we could take an h-graph with both a pole-exchanging automor-
phism ¢ and a sense-reversing automorphism ¢, whose core has additional b blue and
r red edges with respect to . Then we might replace two corresponding blue (with re-
spect to v) edges [+1 and [4+2 edges by two different c-graphs (for b < I+1 < b+b), or
two corresponding red edges with respect to ¢ by a c-graph without a pole-symmetry
(for b+b < 1+1 < b+5+7°), and then red edges with respect to ¢ by two different pole-
symmetric c-graphs (for b4+b+r < I+1 < b+b+r+7). If there is no red nor blue edge left
(for I+1 > b+b+r+7), we could replace the I+1st and [+3-rd core edges with a differ-
ent c-graph than the [4+2-nd and [+4-th core edge. The initial case is that all edges of
core(fl) are also edges of A, which is counted by 3-connected pole-symmetric graphs with
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no sense-reversing automorphism (see Section 8).

221,00 c(i)e(j)b ~Lr,F,l+2(n_i_j) - C(i)i)b,é,r,mu(”_%) ;b <~l+1 < b+b i

' )bb,g,r,f,l+2(n_2i) ) b+b < I+1 < b+b+r
.)Z;b,l;,r,F,HQ(n_i_j) — (i 5(, b iiro(n—21) b+b+r < I+1 < bt-b+r+7
)by

7 Pole-symmetric 3-connected Graphs

To count the number of pole-symmetric 3-connected graphs we again want to use colored
networks. This time the colors correspond to the vertices and edges that are fixed by the
pole-exchanging automorphism.

Theorem 3. There is a bijection between the following two sets of objects:

— Colored networks with b blue, r red, and (n+0b)/2—1 vertices in total. Moreover between
s and the first colored vertex there are [1/2] — 2 edges on the outer face.

— Fuace-rooted 3-connected graphs on n vertices with a pole-exchanging automorphism fiz-
ing b vertices and exchanging r pairs of adjacent vertices. Moreover there are | vertices
on the outer face.

Proof. Remove all vertices that are fixed - the blue vertices - and edges that are exchanged
by the pole-exchanging automorphism - the red vertices. Call the two graphs induced by
the vertices in the two resulting connected components together with the blue vertices H;
and H,. Consider the pair uv of the two neighbors of the old pole s in H;. The pair uv
is uniquely ordered because of the face-rooting, and u and v are the poles of the colored
network H; where s is deleted. Conversely, given a colored network we can construct
the corresponding face-rooted pole-symmetric 3-connected network by reversing the above
decomposition. O

Hence 2G; ; 5,01 (1) + D 1 Oy b i 3nj2-1(1) = D k>0 n;”k((n +0)/2-1).

Next we have to compute the number of pole-symmetric 3-connected graphs with a
sense-reversing automorphism. Again we use colored networks, but impose the additional
constraint that the colored network has a pole-exchanging automorphism. Along the lines
of Theorem 2 we have a bijection between these pole-symmetric colored networks and
pole-symmetric networks with a sense-reversing automorphism.
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8 Pole-symmetric Colored Networks

We write 7/(n) for the number of pole-symmetric colored networks that have no blue cut-
vertex, which again can be computed via 7/(n) = §'(n) + p'(n) + h'(n), as the sum of the
numbers for the corresponding s-, p-, and h-networks. Let 3 ,.(n), D} ,(n), Bgr(n) denote
the number of pole-symmetric colored s-, p-, and h-networks, with b blue, r red, and n
vertices in total, and let 7, (n) = 3 .(n) + P .(n) + k. (n). Moreover we use functions
7 (1), Sf,’m(n),ﬁg,r,f(n),ﬁg,ri(n) to specify that corresponding networks have the pole-
exchanging automorphisms exchanging 7 pairs of adjacent vertices. Due to Theorem 2
we have bz 3n/0-1(n) = 3, Ty . 17727 ((n + b)/2 — 2). The decomposition of pole-symmetric
colored networks is a straightforward combination of the ideas in Section 6 and 5.

Pole-symmetric colored s-networks. Given a pole-symmetric colored s-network, we
split off a p-, or h-graph at both poles simultaneously and count the remaining graphs,
which are pole-symmetric colored s-, p-, or h-graphs, or an edge, or a red vertex.

5;7,1" (TL) = Z (p;)’,r’ (Z) + hg)’,r’ (i))ﬁ;)72b’,7"727" (n_QZ)

>0
+ Dhjar2(N/2) + Myporso(nf2) + Dharo1y2((n=1)/2) + My r_1y/2((n—1)/2).

Pole-symmetric colored p-networks. One of the two components induced by the poles
of a colored p-network is a single edge. Because of the pole-symmetry and property (P4),
none of the roots can be blue.

ﬁz,r(n) = ﬁ;),r(n_2)'

Pole-symmetric colored h-networks. Let izg”(n) be the number of colored h-networks
such that the [ closest core edges (on the outer face) to vertex s are also edges in H.

;),T’,l(n) = Zﬁg,T(Z+2) Z tNk(n_ZZ) + Z p;)’,'r’(i+2)h272b’,r72r’,l+1(n_zi)'

i>0 k>1+1 v’ >0

When we have removed the last colored subnetwork in a pole-symmetric colored hA-network,
we have to count the number of face-rooted pole-symmetric networks with [ vertices on the
outer face, which is #;(n). Similar recurrences hold for 8, :(n), P}, +(n), b, ;,(n) except

that we use #,7(n) in hj, .,(n) instead of ;(n). To count face-rooted pole-symmetric 3-

RN - - -
connected graphs we again use Theorem 3 and obtain #(n) = ) #,(n) and t,,.(n) =

> b 2ks(i/2) Mok (R +0)/2 = 1).

9 Cubic Planar Maps and Triangulations

The dual of a 3-connected cubic planar graph is a triangulation, i.e., a graph where we
cannot add another edge without destroying planarity. If the 3-connected cubic planar
graph is face-rooted, the triangulation is as well face-rooted, and vice versa: the root-face
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Fig. 16. Decomposition of a rooted near-triangulation

(incident to the root-edge) becomes the s-pole and the other face incident to the root-edge
becomes the t-pole in the dual. In our drawings, the root-face incident to the root will
always be the outer face. As already mentioned, for 3-connected face-rooted graphs there
is only one such embedding.

To derive a recursion, we generalize the notion of a triangulation, as Tutte did [20]: We
consider face-rooted 3-connected planar graphs where all the faces except the outer face
are triangles, i.e., we do not require that the outer face is a triangle, but still assume that
the graph does not contain a 2-cut. Then we distinguish between external and internal
vertices and edges, where the external vertices and edges are defined to be the vertices and
edges on the outer face. We call such objects near-triangulations. By 3-connectivity, in a
near-triangulation there is no internal edge connecting two external vertices.

If the 3-connected face-rooted cubic planar graph has k vertices on the outer face, the
s-pole of the rooted triangulation has degree k. To count the number of such graphs, we
use the function ¢;;(n) which denotes the number of rooted near-triangulations with n
vertices, where the s-pole has degree k and there are [ vertices on the outer face. When the
unique internal vertex adjacent to the two poles, say u, has no internal edge connecting it
to an external vertex except the poles, we remove the pole edge and move the ¢-pole to the
unique internal vertex adjacent to the two former poles (see Figure 16).

Otherwise we remove the edge between the poles and decompose such triangulations
along the edge, say uv, connecting to the first such external vertex, say v, according to a
traversal of the outer face starting from the s-pole ending at the ¢-pole. Then one of the
two split triangulations has the new ¢-pole at the vertex u, and the other one has the new
s-pole at v (see Figure 17) except that it has the new s-pole at u when the number of edges
on the outer face is 3 (see Figure 18). All these cases can be computed inductively using
the value of ¢4 ;(n) for lexicographically smaller arguments.

Initially, ¢53(3) = 1 and #;y(n) = 0if k =2 and | > 3 or n > 3, or if [+k—2 > n.
Otherwise

tki(n) =te—1441(n) + Z tk—1,(3)te 3(n—i+2) + Z L1 i—r+2(2) ey (n—i+2) .
k' +1,i>3 K>3
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Fig. 18. Decomposition of a rooted near-triangulation

10 Conclusion

We presented a decomposition strategy for unlabeled connected cubic planar graphs along
the connectivity structure. In order to count these objects we need a unique decomposition,
and thus we used the well-known concept of an (edge-)root. For 3-connected rooted cubic
planar graphs, however, we also had to control whether or not there is a sense-reversing
automorphism, which in turn required to control networks that have a pole-exchanging
automorphism, and finally networks with both a sense-reversing and a pole-exchanging
automorphism. To count these objects we introduced the concept of colored networks,
and proved several bijections. The decomposition together with the counting formulas
immediately gives a polynomial time generation procedure for rooted connected cubic
planar graphs. Using rejection-sampling we obtain our result:

Theorem 4. There is an algorithm that generates an unlabeled connected cubic planar
graph on n wvertices uniformly at random, and whose expected running time is in O(n'?).
If we allow for a preprocessing, the algorithm can generate such an object in O(n?).

Proof. The algorithm first generates a rooted unlabeled cubic planar graph G with n
vertices, using the recursive decomposition along the connectivity structure (Section 2-
Section 9), and the values of the counting formulas that can be computed efficiently using
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dynamic programming. Note that the representation size of all the values in this paper is
linear, since the logarithm of the number of unlabeled planar graphs is linear.

The longest computation time is due to the four-dimensional tables in Section 6, where
the summation runs over at most four parameters, and where we have to perform multi-
plications with large numbers. Assuming an O(nlognloglogn) multiplication algorithm
(see e.g. [7]), the number of computation steps needed to fill the four-dimensional table is
within O(n®), where O(-) denotes growth up to logarithmic factors.

If we do not charge for the costs of a precomputation step, the actual generation of
a rooted cubic planar graph can be done in quadratic time: The decomposition tree is of
linear size; computing the probabilistic decisions at each branch also takes linear time, if we
assume that we have access to the values in the table and the partial sums of the formulae.

To obtain unrooted cubic planar graphs, the algorithm computes the size o of the orbit
of the root in the automorphism group of the graph G, which can be done in linear time
using e.g. well-known correspondingly adapted graph isomorphism algorithms for planar
graphs [12], and outputs the graph G with probability 1/0. Since the size o of the orbit of
the root is at most linear, the expected number of restarts is also linear. Thus the overall
expected running time is in O(n'®), and in O(n?) with precomputation. O

It is easy to see that we can count and generate random cubic planar multi-graphs
by only changing the initial values. Another by-product is the enumeration and uniform
generation of rooted near-triangulations with a given number of vertices on the outer face,
and a given number of vertices on the outer face of the dual. For the special case of rooted
triangulations a linear-time generation procedure was known [19]. The present paper also
contains a series of new enumeration results and generation procedures of rooted cubic
graphs with various sorts of symmetries and degrees of connectivity.

Many techniques presented in this paper also work for planar graphs. However, it is
more difficult to count not necessarily cubic g-graphs, since there is no canonical way to
decompose them into smaller rooted graphs. Another complication would be that we cannot
decompose colored networks via networks where both poles are non-blue. The recurrences
derived in this paper could serve as a starting point to compute the generating functions
and the asymptotic behavior of the counting functions for the objects considered here.
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