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Abstract. We present an expected polynomial time algorithm to generate a 2-connected unlabeled
planar graph uniformly at random. To do this we first derive recurrence formulas to count the
exact number of rooted 2-connected planar graphs, based on a decomposition along the connectivity
structure. For 3-connected planar graphs we use the fact that they have a unique embedding on
the sphere. Special care has to be taken for rooted graphs that have a sense-reversing or a pole-
exchanging automorphism. We prove a bijection between such symmetric objects and certain colored
networks. These colored networks can again be decomposed along their connectivity structure. All
the numbers can be evaluated in polynomial time by dynamic programming. To generate 2-connected
unlabeled planar graphs without a root uniformly at random we apply rejection sampling and obtain
an expected polynomial time algorithm.

1 Introduction

While there is an exact recursive counting formula and an efficient sampling algorithm for
rooted maps [22], for labeled and unlabeled outerplanar graphs [8], and for labeled planar
graphs [7], there is no such counting formula and sampling algorithm known for unlabeled
planar graphs, i.e., graphs that can be embedded in the plane, considered up to isomor-
phism. Such a counting formula and sampling algorithm would be useful to verify state-
ments about the random planar graph, which recently attracted attention [2,9,10,15,19,21],
mainly in the labeled setting due to the lack of techniques for unlabeled planar structures.
It is well known that almost all graphs have a small automorphism group. However, this is
not the case for planar graphs, even if they are 2-connected: Bender, Gao, and Wormald [2]
showed that almost all 2-connected planar graphs have a large automorphism group. Thus
the difference between the labeled and the unlabeled setting is essential.

All approaches to count planar graphs are based on decompositions along the k-
connected components of a graph [2,4,7,16,27]. A graph is decomposed into components, a
component into blocks, and a block into bricks, which are essentially the 3-connected parts
of the graph. Three-connected graphs have a unique embedding on the sphere, and thus
can be further decomposed by geometric arguments (they stand in a one-to-one correspon-
dence to the number of isomorphism types of the edge graphs of convex polyhedra [23]).
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The asymptotic number [3] and sampling procedures [5,13] for 3-connected planar graphs
are known.

In this paper we present an algorithm that generates two-connected graphs on m edges
uniformly at random in expected polynomial time in m. Such graphs have in general many
automorphisms and also might have many embeddings on the sphere. It is easy to modify
the algorithm e.g. to sample graphs with a given number of edges and vertices.

Strategy. To count and sample unlabeled 2-connected planar graphs, we first have to root
them. Here, the root of a graph is a distinguished directed edge, and rooted planar graphs
are counted up to isomorphisms that map the root of one graph to the root of the other
graph. We also call such a rooted 2-connected planar graph a (planar) network. Clearly,
generating a random rooted planar graph and then simply ignoring the root edge does
not yield the uniform distribution, since unlabeled graphs might correspond to different
numbers of rooted graphs. But this imbalance can be compensated by rejection sampling,
i.e., the sampling procedure is restarted with a probability that is inverse proportional to
the size of the orbit of the root. In this way we can sample unlabeled 2-connected planar
graphs in expected polynomial time.
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Fig. 1. Dependencies of the sections and concepts in this paper.

We decompose networks along their connectivity structure. Our approach here is related
to the one described in [7] for labeled planar graphs, but for unlabeled structures several
new techniques are necessary. A classical theorem of Whitney (see e.g. [12]) says that
rooted 3-connected planar graphs, i.e., 3-connected networks, can have either one or two
embeddings in the plane where the root edge is embedded on the outer face. Such embedded
three-connected networks are called c-nets. In the case that both embeddings of the 3-



connected graph are isomorphic, we say that it has a sense-reversing automorphism or
it is symmetric. To count symmetric c-nets we present a new bijective correspondence to
colored networks (defined below), and a decomposition of these objects. We also have to
consider rooted graphs with an automorphism that reverts the direction of the root; such
a graph is called pole-symmetric. We present a decomposition of pole-symmetric networks,
and finally also that of pole-symmetric c-nets with a sense-reversing automorphism. We
exploit the fact that the dual of a pole-symmetric c-net is a c-net with a sense-reversing
automorphism.

As a final step we use a deterministic polynomial time sampling algorithm for c-nets
described in [5]. A faster algorithm to sample c-nets uniformly at random in expected
polynomial running time can be found in [1]. However, we need the new algorithm, since
it can be adapted to generate c-nets with a certain specified number of edges on the outer
face, which we need in the generation algorithm for unlabeled 2-connected planar graphs.

2 Graph Decompositions

In this section we introduce concepts, which we need for a decomposition of graphs. A
(planar) network N is a simple connected graph with distinguished vertices s # ¢ and a
directed edge e = st such that if we insert the edge e into N, then the resulting multi-graph
N* is 2-connected and planar. The edge e = st is called the root of the network, and the
vertices s and t are called the poles of the network; if s and t were already connected by
an edge in N, we introduce a multi-edge in N*. We say that a network N is k-connected
ifft N* is k-connected.

A k-point set K of a graph G such that G—K becomes disconnected is called a k-cut
of G. A single point that forms a 1-cut is called a cut-verter. Every 2-cut {ki,ks} of a
network N induces a partition of the edge set, and each of the partition classes is again
a network with the poles k; and ko . These networks are called subnetworks of N, and
they are called proper if they contain at least two edges. We now show that every network
is either an s-, p-, or h-network; these appeared in various slightly different forms in the
literature [24-26].

Theorem 1. A network N with more than two edges is of precisely one of the following
types:

s: There 1s a cut-vertex in N that separates s and t.

p: The vertices s and t are adjacent, or {s,t} is a 2-cut of N.

h: The vertices s and t are not adjacent, and N is built from a uniquely determined 3-
connected network H by replacing edges of H with other networks.

Proof. Clearly, the three types of networks are disjoint. If N contains a 2-cut, one of the
corresponding subnetworks does not contain the root. We replace this subnetwork by an
edge (if the 2-cut was not already joined by an edge). If we iterate this process, eventually
the graph will be 3-connected, or an s- or p-graph. Since the replacement operations are
confluent and terminating, the resulting 3-connected graph is unique. ad
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Fig. 2. Examples of the three types of networks

For examples of the three types of networks see Figure 2. As already mentioned in the
introduction, a 3-connected network might have one or two embeddings where the root lies
on the outer face. A 3-connected network embedded in one of these ways is called a c-net.

3 Counting Networks

In this section we present a decomposition of networks and derive recurrence formulas to
count them. Let n(m) be the number of networks with m edges. According to Theorem 1
we have n(m) = s(m) + p(m) + h(m), where s(m), p(m), and h(m) counts the number
of s-, p-, and h-networks with m edges, respectively. The generation of these objects can
be considered as a reversed decomposition, where the decisions are made with the right
probabilities that can be computed using the counting formulas.

s-networks. Note that each s-network has a unique cut vertex v that is closest to the
pole s (in this paper, closest is meant with respect to the length of the shortest connecting
path). Then s and v determine a subnetwork, which is a p- or an h-network, and the
remaining network with the poles v and ¢. Thus we have:

s(m) = > (p(j) + h(j))n(m — j).

J=1

p-networks. Let p;(m) denote the number of p-networks where the number of edges of
the largest network that replaces an edge of the core is bounded by [. The index k in the
formula below denotes the number of networks of order [ that replace an edge in the core.

p(m) = pm(m)

Lm/1]
p(m) = 3" (s(l) +h(l) + k — 1)pl_1(m ).

k=0 k

h-networks. Let N be an h-network. Theorem 1 asserts that there is a unique rooted
3-connected network H, such that we can derive N from H by replacing edges of H with
subnetworks. We call H the core of N and denote H = core(N). We call N symmetric



if it has a sense-reversing automorphism @, i.e., ¢ # id, but ¢(s) = s and ¢(t) = t, and
asymmetric otherwise. If N is asymmetric, one can uniquely order the edges of core(N):
The idea is to label the vertices of the core according to their occurrence in a depth first
search traversal of the core, beginning with the root edge and visiting the neighbors of a
vertex in clockwise order with respect to one of the (at most two) possible embeddings
of the core. The edges are then labeled by the vertex labels obtained from the depth first
search traversal. Then we lexicographically compare the sequence of these edge labels in
the order they were visited by the depth first search. If the core is asymmetric, one of the
sequences is smaller than the other; thus we can distinguish between the two embeddings.
If the network has a symmetric core, both edge sequences are the same unless we have
inserted two different subnetworks into a pair of core edges, in which case we can again
distinguish between the two embeddings.

If H is symmetric, we order the edges of the core in the following way. We start with
the edges uv where u = p(u) and v = @(v) according to the traversal; We call such edges
blue. Then we list the edges uv where u = p(v) and v = ¢(u) according to the traversal;
We call such edges red. We continue with the edges that are not fixed by the nontrivial
automorphism ¢, and order them according to the above traversal. Edges and their images,
which we call corresponding edges, are ordered arbitrarily.

To count the number of symmetric and asymmetric h-networks we repeatedly replace
subnetworks in the above order. It is not difficult to fomulate corresponding recursive
counting formulas; for details we refer to the full version of the paper [6]. We are finally left
with the problems (a) to count and sample networks with a pole-exchanging automorphism
— see Section 6, (b) to count and sample 3-connected symmetric networks — see Section 4,
and (c) to sample 3-connected asymmetric networks. For this last task, we apply rejection
sampling. That is, we first generate an arbitrary 3-connected network. We then check
whether it has such a symmetry, which can be done in linear time [18]. If yes, we restart
the algorithm. If no, we output the asymmetric network. Since almost all 3-connected
networks do not have a sense-reversing automorphism (see [3] for a much stronger result),
the expected number of restarts is constant, and we obtain an expected polynomial time
algorithm.

4 Symmetric c-nets

This section contains one of the main ideas to deal with symmetries when counting unla-
beled planar graphs. We want to count 3-connected planar networks with a distinguished
directed edge, up to isomorphisms that fix this edge. There might be one or two embeddings
where the root lies at the outer face. Embedded 3-connected networks are called c-nets. As
mentioned in the introduction, counting formulas and sampling procedures for c-nets are
known. If a network has a nontrivial automorphism that fixes the root edge, we call this
automorphism sense-reversing, and say that the network is symmetric. Clearly, if we can
compute the number of symmetric 3-connected networks, then we can also compute the
number of asymmetric 3-connected networks.



Let H be a symmetric 3-connected planar network, and ¢ its nontrivial sense-reversing
automorphism. A vertex v of H is called blue if p(v) = v, and red if v is connected to ¢(v)
by an edge. The edge vp(v) is also called red. An edge uv of a colored network is blue if
both v and v are blue. (Red and blue edges were already defined in Section 3.) Thus a
vertex or an edge is either blue, red, or uncolored, and the poles and the root are blue.
We can think of H as being embedded in the plane in such a way that ¢ corresponds to a
reflection, the blue vertices being aligned on the reflection axis, and the red vertices having
an edge crossing this axis perpendicularly (see Fig. 3, left part). Our arguments, however,
do not rely on such a representation.

Fig. 3. Decomposition of a symmetric h-network

If we remove from H the blue vertices and their incident edges, and also remove the red
edges (that is, we cut H along the symmetry axis), then the resulting graph has exactly
two connected components (see Fig. 3). The graphs induced by these components and
the blue vertices are isomorphic and will be called H; and Hy;. We claim that H is 2-
connected, and hence H; is a network rooted at s and t: Suppose there is a cut-vertex in
HY. Then this cut-vertex together with the corresponding cut-vertex in HJ is a 2-cut in
H*, contradicting the 3-connectivity of H*. Now we extract some more properties of the
graphs H; and H, and define colored networks. They are defined in such a way that we
can recursively decompose them, and that we can establish a bijection between symmetric
h-networks and certain colored networks.

Definition 1. A colored network is a network N, where some vertices are colored red and
blue, satisfying the following.

(P1) N* has a plane embedding s.t. all colored vertices and the poles lie on the outer face.
(P2) N and every proper subnetwork of N contain at least one colored vertex.
(P3) No subnetwork of N has two blue poles.

Then the bijection to symmetric 3-connected networks is as follows. The proof can be found
in the long version of the paper [6].



Theorem 2. For all m,b,r there is a bijection between the following two sets of objects:

(1) colored networks with (m+b—1)/2 edges and blue poles, where b is the number of blue
edges and r the number of red vertices, and

(i1) 3-connected networks with m edges having a nontrivial automorphism that fizes b+ r
edges, and point-wise fives the root and b other edges.

5 Counting Colored Networks

The recurrences to count the number of colored networks follow very much the decompo-
sition that we had in Section 3, but we have to control the possible colors of the poles.
Another difficulty is that in the recursive decomposition we might or might not have a blue
cut-vertex in the colored network without the root edge. However, we can handle this with
the help of appropriately chosen counting functions. The details and counting formulas
can be found in the full version of the paper [6]. We briefly comment on all the types of
networks.

Colored s-networks. Let u be the cut-vertex in S that is closest to s. If at least one of
the poles s,t is blue, then S can not have a blue cut-vertex (in particular, u is not blue).
The cut-vertex u induces a colored p- or h-network with poles s, u, and a remaining part
with poles u,t, which is an arbitrary colored network that has no blue cut-vertex.

Colored p-networks. Due to property (P1— P2) all the colored vertices of a colored
p-network must lie in one of its parts, and the remaining networks must consist of a single
edge. If at least one of the poles is blue, the colored part has no blue cut-vertex.

Colored h-networks. There is a unique embedding of the core of a colored h-network H
into the plane where the root edge and the core edges replaced by colored networks lie on
the outer face. To decompose H, we need to control the number of edges on the outer face.
If an edge uv on the outer face of the core is not an edge in H, {u, v} is a 2-cut in H and
determines a subnetwork S. Due to property (P3) it is not possible that both u, v are blue.
If either w or v is blue, then {u,v} induces a colored network with no blue cut-vertex. It
might be the case that all colored vertices lie in S. Then the remaining network after the
replacement of S is 3-connected with a specified number of edges on the outer face. The
number of such graphs is counted in [5].

6 Pole-symmetric Networks

We saw in Section 3 that in a symmetric A-network with a sense-reversing automorphism
¢ a red edge uv of the core (i.e., p(u) = v and p(v) = u) can only be replaced by a pole-
symmetric subnetwork, that is, a subnetwork with an automorphism 1 that exchanges s
and t. Such networks are further decomposed in this section.



Pole-symmetric s-networks. Here we split off the same p- or h-network at both poles
simultaneously. What remains is either again a pole-symmetric network, or an edge, or a
vertex.

Pole-symmetric p-networks. There may be several pole-symmetric s- or h-networks
between s and ¢, and s and ¢ may or may not be adjacent.

Pole-symmetric h-networks. We want to control the number of pole-symmetric h-
networks with and without a sense-reversing automorphism ¢ satisfying ¢(s) = s and
©(t) = t. In the case where we do not have a sense-reversing automorphism, we order the
edges of the core of H in such a way that blue edges uv where 1(u) = u and ¥(v) = v
come first, followed by the red edges uv where 1)(u) = v and ¥ (v) = u. Finally we have the
uncolored edges, ordered in such a way that corresponding uncolored edges with respect
to the pole-symmetry are consecutive — but we do not care about their order.

In the case that we have a sense-reversing automorphism ¢, we order the edges of the
core in such a way that we start with the blue edges with respect to ¢, and then the blue
edges with respect to ). Next we list the red edges with respect to ¢ and then the red
edges with respect to ¥. Finally, we list corresponding edges with respect to ¢ consecutively,
which are followed by the two corresponding edges with respect to 1, respectively. Similarly
as in Section 3 it is now possible to formulate recurrences for these functions, and a sampling
procedure; again we have to refer to the full version of the paper [6] for details.

7 Pole-symmetric c-nets with a Sense-reversing Automorphism

To compute the number of pole-symmetric networks with a sense-reversing automorphism,
we again use colored networks, but impose the additional constraint that the colored net-
work has a pole-exchanging automorphism. Along the lines of Theorem 2 we have a bijec-
tion between these pole-symmetric colored networks and pole-symmetric networks with a
sense-reversing automorphism. The decomposition of pole-symmetric colored networks is
a straightforward combination of the ideas in Section 4 and 6.

When we remove the last colored subnetwork in a pole-symmetric colored h-network,
we have an embedded 3-connected pole-symmetric network with [ edges on the outer face.
The dual of such an object is an embedded 3-connected network with a sense-reversing
automorphism where the s-pole has degree [ (blue edges correspond to red edges and vice
versa). It is possible to modify the decomposition of colored networks in Section 4 to control
also this parameter.

8 Conclusion

We presented a decomposition strategy for unlabeled 2-connected planar graphs along the
connectivity structure. In order to count these objects we need a unique decomposition.
Thus we used the well-known concept of a root and planar networks. For 3-connected net-
works, however, we also had to control whether there is a sense-reversing automorphism or



not, which in turn required to control networks that have a pole-exchanging automorphism,
and networks that have both a sense-reversing and a pole-exchanging automorphism. For
this purpose we introduced the concept of colored networks, and proved several bijections.
The decomposition together with the counting formulas can be used for a polynomial time
sampling procedure for planar networks.

Theorem 3. There is an algorithm that generates an unlabeled 2-connected planar graph
with m edges uniformly at random in expected polynomaial time.

Proof. The algorithm first generates a planar network N with m edges, using the above
decomposition and the values of the counting formulas that can be computed efficiently
using dynamic programming. Note that the representation size of all the numbers in this
paper is linear, since we deal with unlabeled structures. We use at most six-dimensional
tables (in Section 6). The summation there runs over one parameter, and within the sum
we have to perform a multiplication with large numbers, which can be done in quadratic
time. Hence, the overall running time for the computation of the values is within O(m?).

With these values we can make the correct probabilistic decisions in a recursive con-
struction of a planar network according to the presented decomposition — this method is
standard and known as the recursive method for sampling [11,14,20]. Then the algorithm
computes the number of orbits o in the automorphism group of the unrooted graph, which
can be done in linear time, see e.g. [17], and outputs the graph with probability 1/o. Since
the number of edges in a planar graph is linear, the expected number of restarts is also
linear. Thus the overall expected running time is in O(m?). If we do not charge for the costs
for computing the values in the table and the partial sums of the formulas, e.g. because we
performed a precomputation step, the generation can be done in cubic time. O

The counting formulas resulting from the ideas presented in this paper can easily be ex-
tended to graphs with a specified number of vertices. It is also easy to adapt the enumer-
ation and the sampling procedure for multi-graphs with parallel edges and/or self-loops.
The recursive formulas have a form that allows to formulate them with equations between
the corresponding generating functions. It is sometimes possible to solve these equations
and obtain closed formulas or asymptotic estimates from the solutions. However, due to
the large number of parameters needed in the decomposition, it will not be easy to handle
these equations. In the simpler case of labeled planar graphs the equations recently lead
to asymptotic expressions for the number of labeled planar graphs [16].
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