Generating Labeled Planar Graphs
Uniformly at Random

Manuel Bodirsky, Clemens Grogl and Mihyun Kang

1 Humboldt-Universitat zu Berlin, Germany
{bodirsky,kang}@informatik.hu-berlin.de

2 Freie Universitat Berlin, Germany
groepl@inf.fu-berlin.de

Abstract. We present a deterministic polynomial time algorithm to plEna

labeled planar graph uniformly at random. Our approach tesmssive formu-
las for the exact number of labeled planar graphs witrertices andn edges,

based on a decomposition into 1-, 2-, and 3-connected coampgrWe can then
use known sampling algorithms and counting formulas fooBrected planar
graphs.
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1 Introduction

A planar graphis a graph which can be embedded in the plane, as opposetham a
which is an embedded graph. There is arich literature onrtbmerative combinatorics
of maps, starting with Tutte’s census papers, e.g. [27].fAcient random sampling al-
gorithm was develloped by Schaeffer [24]. Much less is knabout random planar
graphs, although they recently attracted much attentiph, & 8, 14, 19, 22]. If we had
an efficient algorithm to sample a planar graph uniformlyastdom, we could exper-
imentally verify conjectures about properties of the randalanar graph. We could
also use it to evaluate the average-case running times ofigdms on planar graphs.
Denise, Vasconcellos, and Welsh [8] introduced a Markowch#éose stationary dis-
tribution is the uniform distribution on all labeled plargnaphs. However, its mixing
time is unknown and seems hard to analyze, and is perhapslyoiogmial. Moreover,
the corresponding sampling algorithm only approximateautiform distribution.

We obtain the first deterministic polynomial time algorithengenerate a labeled
planar graph uniformly at random.
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Theorem 1. Labeled planar graphs on vertices andn edges can be sampled uni-
formly at random in deterministic timé@(n") and spaceD(n*logn). If we apply a
preprocessing step, this can also be done in deterministie®(n?) and space)(n7).

Our result uses known graph decomposition and countinghiqabs [28, 31] to
reduce the counting and random sampling of labeled plareghgrto the counting
and random sampling of 3-connectedted planar mapsUsually, a planar graph has
many embeddings that are non-isomorphic as maps, but scepbghave a unique
embedding. A classical theorem of Whitney (see e.g. [10§eds that3-connected
planar graphs amdgid in the sense that all embeddings in the sphere are comhigdftor
equivalent. Asooting destroys any further symmetries, they are closely relaie®} t
connectedabeledplanar graphs. Moreover, the ‘degrees of freedom’ of theeziding
of a planar graph are governed by its connectivity structWe exploit this fact by
composing a planar graph out bf, 2-, and3-connected components.

Our sampling procedure first determines the number of comptsnand how many
vertices and edges they shall contain. Each connected ecmnpe generated inde-
pendently from the others, but having the chosen numberenices and edges. To
generate a connected component with given numbers of gerdied edges, we decide
for a decomposition int@-connected subgraphs and how the vertices and edges shall
be distributed among its parts. So far this approach is amtd the one used in [5],
where the goal was to sample random outerplanar graph< fpldihar case we need to
go one step further.

Trakhtenbrot [26] showed that eveRyconnected graph is uniquely composed of
special graphs (callegetwork$ of three kinds. Such networks can be combined in se-
ries, in parallel, or using &-connected graph as a core (see Theorem 2 below). Using
this composition we can then employ known results about togitand random sam-
pling of 3-connected planar maps.

The concept of rooting plays an important role for the enwatien of planar maps.
A face-rootedmap is one with a distinguished edge which lies on the outsr #nd to
which a direction is assigned. The rooting forces isomanpisito map the outer face to
the outer face, keep the root edge incident to the outer &amkpreserve its direction.
The enumeration o$-connected face-rooted unlabeled maps with given numbers o
vertices and faces — also calleahets- was achieved by Mullin and Schellenberg [20].
We invoke their closed formulas in order to cowatonnected labeled planar graphs
with given numbers of vertices and edges. For the generafiGrconnected labeled
planar graphs with given numbers of vertices and edges wéograpecent determinis-
tic polynomial time algorithm [3]. Alternatively, we can@is sampling procedure that
runs in expected linear time that was recently presentet3jy in this case we obtain an
expectegolynomial time sampler for labeled planar graphs, whigtsrim timeO(n?)
and spac@(n°) after a preprocessing step in tirG&n°), or in time O (n%) and space
O(n*logn) without preprocessing.

When we apply the various counting sampling subroutinesgathe stages of the
connectivity decomposition, we must branch with the cdrpeababilities. To compute
those probabilities we use recurrence formulas that camddaated in polynomial time
using dynamic programming. Then the decomposition candestated immediately
into a sampling procedure.



The paper is organized as follows: In the next section we tjieegraph theoretic
background for the decomposition of planar graphs, whidbdegius when we derive
the counting formulas for planar graphs in the followingethisections. In Section 7
we analyze the running time and memory requirements of thegponding sampling
procedure and discuss results from an implementation aitheting part. We conclude
with a discussion of variations of the approach.

2 Decomposition by Connectivity

Let us recall and fix some terminology [10,28-30]graphwill be assumed unoriented
andsimple i.e., having no loops or multiple (also callpdrallel) edges; if multiple
edges are allowed, the temmultigraphwill be used. We consider labeled graphs whose
vertex sets are initial segmentsigg.

Every connected graph can be decomposedihttoksby being split at cutvertices.
Here a block is a maximal subgraph that is eitBeronnected, or a pair of adjacent
vertices, or an isolated vertex. Thick structureof a graphG is a tree whose vertices
are the cutvertices @¥ and the blocks of7 (considered as vertices), where adjacency is
defined by containment. Conversely, we wiimposeonnected graphs by identifying
the vertex0 of one part with an arbitrary vertex of the other. A formal défon of
composition operations is given at the end of this section.

A network N is a multigraph with two distinguished verticésand 1, called its
poles such that the multigrapiv* obtained fromN by adding an edge between its
poles is2-connected. The new edge is not considered a part of the ref\ioWe can
replace an edgev of a network) with another networkX,,,, by identifying« and
v with the polesd and1 of X,,, and iterate the process for all edges\éf Then the
resulting graphG is said to have alecompositiorwith core M andcomponentsX.,

e € E(M).

Every network can be decomposed into (or composed out ofyanks of three
special types. Ahainis a network consisting of two or more edges connectegiies
with the poles as its terminal vertices.bndis a network consisting of two or more
edges connected iparallel. A pseudo-brickis a network/N with no edge between
its poles such thalv* is 3-connected.3-connected subgraphs are sometimes called
bricks.) A network\ is called arh-network(respectively, @-network or ans-networf
if it has a decomposition whose core is a pseudo-brick (ietsdy, a bond, or a chain).
Trakhtenbrot [26] (here cited from [30]) formulated a caivahdecomposition theorem
for networks.

Theorem 2 (Trakhtenbrot). Any network with at least 2 edges belongs to exactly one
of the 3 classes: h-networks, p-networks, s-networks. Agtivork has a unique decom-
position and a p-network (respectively, an s-network) canmiquely decomposed into
components which are not themselves p-networks (s-netjyarkere uniqueness is up
to orientation of the edges of the core, and also up to theadeoif the core is a bond.

A network NV is simpleif N* is a simple graph. LeN (n, m) be the number of simple
planar networks om vertices andn edges. In view of Theorem 2 we introduce the
functionsH (n, m), P(n,m), andS(n,m) that count the number of simple planar h-,



p-, and s-networks on vertices andn edges. Note that the components of simple
networks are simple networks (or just edges). For exarmiplethe complete graph on
three vertices) is a (non-simple) p-network composed ofdgeeand a path of length
two, which in turn is a simple s-network composed of two edgae graphi’y — {0, 1}
is a simple h-network, and all its components are simple £dge

Let G(®)(n, m) denote the number efconnected planar graphs withvertices and
m edges. For = 0, 1,2 let us definecompose operation®r the three stages of the
connectivity decomposition. Informally, fer= 0 the composition equals the disjoint
union. Forc = 1 we join the parts at a single vertex. Fo& 2 we replace one edge of
the first part by the second part. A formal definition is asdwk: Assume thad/ and
X are graphs on the vertex s@s. k — 1] and[0 .. i — 1] and we want to compose them
by identifying the verticeg of X with the vertices); of M, forj =0,...,¢— 1, such
that the resulting graph will have := k + ¢ — c vertices. (No vertices are identified for
¢ = 0.) Moreover, letS be a set of — ¢ vertices fromc .. n — 1] which are designated
for the remaining part of. Let M’ be the graph obtained by mapping the vertices of
M tothe sef0 .. n — 1]\ S, retaining their relative order. Let’ be the graph obtained
by mapping the verticelg .. i — 1] of X to the setS, retaining their relative order, and
mappingj to the image ob; in M’ for j = 0, ..., c—1. Then the result of the compose
operation for the argumenfd, (v, ...,v.—1), X, andS is the graph with vertex set
[0..n —1] and edge seE(M’) U E(X'). If ¢ = 2 and M contains an edggvg, vy } it
is deleted.

3 Planar Graphs

We show how to count and generate labeled planar graphs wgitiem number of
vertices and edges in three steps. A first simple recursivedla reduces the problem
to the case of connected graphs. In the next section, we sélitle block structure to
reduce the problem to tHzconnected case. This may serve as an introduction to the
method before we go into the more involved arguments of S8e&i

Let Fj.(n,m) denote the number of planar graphs withvertices andn edges
havingk connected components. Clearly,(n,m) = G (n,m) andG®) (n,m) =
>r_ Fi(n, m). Moreover,

Fiy(n,m) =0 for m+k<n.

We countF(n,m) by induction onk. Every graph witht > 2 connected compo-
nents can be decomposed into the connected componentringtdie vertex) and the
remaining part, using the inverse of the compose operation£ 0 as defined in Sec-
tion 2. If the split-off part has vertices, then there al(é;_*ll) ways to choose its vertex
set, as the vertef} is always contained in it. The remaining part fias 1 connected

components. We obtain the recursive formula
n—1
n—1
Fr(n,m) = ;; (i—l)G (t,/)Fg—1(n—i,m—j) for k>2.

Thus it suffices to count connected graphs. The countingmecce also has an ana-
logue for generation: Assume that we want to generate aptgaphG with n vertices

m
0



andm edges uniformly at random. First, we chodse [1 .. n] with probability pro-
portional to Fj,(n,m). Then we choose the number of verticesf the component
containing the verteX) and its number of edgesg with a joint probability propor-
tional to ("~ )GV (4, j) Fy—1(n — i,m — j). We also pick ar{i — 1)-element subset

S’ C [1..n — 1] uniformly at random and se&& := S’ U {0}. Then we composé&' (as
explained in Section 2) out of a random connected planatgséh parametersandj,
which is being mapped to the vertex sgtand a random planar graph with parameters
n — i andm — j havingk — 1 connected components, which is generated in the same
manner.

4 Connected Planar Graphs

In this section we reduce the counting and generation of ected labeled planar
graphs to th@-connected case. Lét/;(n, m) denote the number of connected labeled
planar graphs in which the vertéxis contained ind blocks. Here we will call them
mg-planars An m;-planar is a connected planar graph in whiclks not a cutvertex.
Clearly, G (n,m) = 32— My(n, m) and

My(n,m) = 0 for n<d or m < d.

In order to count mg-planars by induction o (for d > 2), we split off the largest
connected subgraph containing the vertér which 0 is not a cutvertex. This is done
by performing the inverse of the compose operatiorcfer 1 as defined in Section 2.
If the split off m;-planar hag vertices, then there ar(éz?__g) possible choices for its
vertex set, as the verticsand1 are always contained in it. The remaining part is an
my_1-planar. Thus

n—d+1m—1
-2
My(n,m) = Z <T;_2)Ml(i,j)Md1(n—i+1,m—j) for d > 2,

i=2  j=1

and this immediately translates into a generation proeedur

Next we consider frplanars. Theoot blockis the unique block containing the
vertex0. A recurrence for m-planars arises from splitting off the subgraphs attacbed t
the root block at its cutvertices one at a time. Thus we camnsig-planars such that the
b least labeled vertices in the root block are not cutverticesus call them,-planars
and denote the number ofplanars withn vertices andn edges byL,(n,m). The
initial cases § = n) of the recurrence are connected graphs without cutvertide
have

L,(n,m

) = G®(n,m) for n>3
1 for nc {1,2} andm =n—1.

We calculateL,(n,m) forb = n — 1,...,1, and eventualhM/; (n,m) = Li(n,m),
recursively as follows: To counk;, using L1, we split off the subgraph attached
to the b-th least labeled vertex in the root block, if it is a cutvart€his can be any
connected planar graph. The remaining part is,ap-planar. If the split off subgraph



hasi vertices, then there a(é;__ll) ways to choose them, as the vertesf the subgraph
will be replaced with the cutvertex. We obtain the recuréorenula

(n,m) ZZ(n_l) W, )Ly (n—i+1,m—j) form>b>1.

The valuesz (M) (i, j) are known sincé < n, j < m. Again, the generation procedure
is straightforward.

5 Two-Connected Planar Graphs

In this section we show how to count and generate 2-conngtéedr graphs. If we
take an arbitrary simple planar network withvertices andn — 1 edges, add an edge
between the poles, then choose a aic © < y < n — 1, and exchange the vertex
labels(0, 1) with (z, y), then we obtain every 2-connected labeled planar graphmwith
vertices andn edges inm ways. Thus

G (n,m) = %)N(n,m—l) formn>3,m>3

0 otherwise.

Now we derive recurrence formulas for the numbBérof simple planar networks.
Trakhtenbrot's decomposition theorem implies

> >
N(n,m) = {P(n,m)—i—S(mm)—i—H(n,m) forn>3,m>2

0 otherwise .

p-Networks. Let us call a p-network with a core consisting/oparallel edges -
network and letP; (n, m) be the number of pnetworks having. vertices andr. edges.
Clearly,P(n,m) = >_}" , Pr(n,m). In order to count p-networks by induction o#,

we split off the component containing the vertex labeldxy performing the inverse of
the compose operation fer= 2 as defined in Section 2. Technically, it is convenient
to consider the split off component aspa-network But note that according to the
canonical decomposition, g metwork is either an h- or an s-network. Assume that it
hasi vertices ang edges. Then

Pyi.d) H(i,j)+S(i,j) fori>3,j>2
VA =
J 0 otherwise.

The remaining part is ayp 1 -network (even ift = 2). Fork > 2 we have
Py(n,m) =0 ifn<2orm<k.

There are(’i‘__33) ways how the vertex labe[d .. n — 1] can be distributed among both
sides, as the labels 1, and2 are fixed. We obtain the recurrence formula

n—1m—1

ZZ( )PllJ)Pk 1(n—i+2,m—j) fork>2.

=3 j=2



s-Networks. Let us call an s-network whose core is a path &dges ars;-network
and denote the number gf-metworks which have vertices andn edges by5, (n, m).
ThenS(n,m) = > ;-, Sk(n,m). We use induction ot again, but for g-networks
we split-off the component containing the vertex labeleddgain it can be consid-
ered as an;snetwork, and it is either an h- or a p-network, accordingi® ¢anonical
decomposition. Thus

H(i,j) + P(i,j) fori>3,j>2
S1(i,7) = <1 fori=2,j=1
0 otherwise.

The remaining part is an.s;-network (even ift = 2). Fork > 2 we have
Sg(n,m) =0 ifn<k+1lorm<k.

Concerning the number of ways how the labels can be dis&ibatnong both parts,
note that the labelg and1 are fixed, hence the new 0-root for the remaining part can
be one out of: — 2 vertices, and then the number of choices for the internaioceess of

the split off §-network is(?:g). We obtain the recurrence formula

n—1lm-—1

Se(n,m) = (n—=2)> Y (Z_L__;)Sl(i,j)Sk_l(n—i—i—1,m—j) for k> 2.

i=2 j=1

h-Networks. The core of an h-network is a pseudo-brick. We can order tge®df
the core lexicographically using the vertex numbers. A nemce formula similar to
the p- and s-network case arises from replacing the edgée afre with components
one at a time and in lexicographic order. To give names torttegrnediate stages, let
us call an h-network such that the components corresponditize firstk edges of
the core are simple edges hp-network and denote the number of fmetworks with
n vertices andn edges by (n, m). Fork > m, all components must be simple edges.
H,,(n,m) is the number of pseudo-bricks withvertices andn edges, the initial case
of our recursion. We have

(n—2)!

H,,(n,m) = ) Qn,m+1),

where@(n, m) denotes the number of c-nets, i.e., roo8edonnected simple maps,
with n vertices andn edges (see the next section): If we take an arbitrary c-gsiga
the labels) and1 to the root vertex and the other vertex of the root edge, edlet
root edge, and number the remaining vertices arbitrarigyoltain each pseudo-brick
in two ways (namely, one for each face routing).

Next we derive a recurrence formula to calculatg(n, m) fork =m —1,...,0,
and eventuallyff (n, m) = Hy(n, m). To countH}, using Hy1, we split off thek-th
component of an ftnetwork, i.e., the component replacing th¢h edge of the core.
This can be a simple network of any of the three kinds or su@mpls network together



with an edge between its poles. Assume that it hasrtices andj edges. Then the
number of choices for the component network is

N(i,j)+ N(@,j—1) fori>3,5>2
H'(i,5) = <1 fori=2,7=1
0 otherwise.

The remaining part is anyhi; -network. There aré?:g) ways to choose the vertices of
the component, as the verticeand1 are merged with the endpoints of theth edge
of the core, respecting their relative order. We obtain doairrence formula

n—2m—k+1
-2
Hi(n,m) = > <7Z_ 2)H'(z’,j)Hk+1(n—i+2,m—j+1) for m >k >0.
i=2 j=1

6 c-Nets

In the preceding sections, we have shown how to count andlsarapdom planar
graphs assuming that we can do so demets i.e., 3-connected simple rooted planar
maps. For this we use a formula for their numgér., m) derived by Mullin and Schel-
lenberg in [20]. Using Euler’s formula, it asserts that

Qn,m)=0 forn<4 orm<n-+2

and otherwise

Q(n,m) = —Zi(—W" (+jz_n> <2)

1=2 j=n
" {(2m—2n+2) <2n—2) _4<2m—2n+1)< 2n —3 )}
n—1 m—j n—1—1 m—j—1
This concludes the counting task.

The first sampling algorithm for c-nets with given numberseitices running in
expectedpolynomial time algorithm is due to Schaeffer et al. [1, 28, For our sam-
pling algorithm we also need to control the number of edgesampling procedure
with this additional requirement has been described in.[k3Juns in expected time
O(n?) for a fixed edge density ratio € |3,3[, where> — «, and in expected time
O(n?) for triangulations (wheré&* — 3), which is also the worst case [13].

For adeterministicpolynomial running time, we use an extended version of the
algorithm presented in [3] with an additional parametertf@ number of edges, as

explained in the conclusion of [3]. The resulting algorithums in deterministi@(n7)
time andO(n*) space, or, if a pre-computation is allowéy*) time andO(n") space.



7 Running Time and Memory Requirements

In this section we establish a polynomial upper bound on thming time and the
memory requirement of our sampling algorithm. We also reporcomputational re-
sults from an implementation of the counting formulas.

Since our algorithm for sampling random labeled planarlgsap an application of
the well-known ‘recursive method’ for sampling [9, 12, 2dje outline the essentials
only. The algorithm pre-calculates a number of dynamic paogning arrays contain-
ing the values ofF", M, L, N, P, S, H, Q, andG, before the actual random gen-
eration starts. Altogether these tables hé@?) entries, and all entries are bounded
by the number of planar graphs. Therefore the encoding leisgd(log(n! 38™)) =
O(nlogn) [8,22] and the total space requirement i€itn* logn) bits. The computa-
tion of each entry involves a summation ovgfn?) terms. Using a fast multiplication
algorithm (see e.g. [7]), the tables can be filledifn°) time.

The values in the dynamic programming tables are used dtimgrobabilistic
decisions in a recursive construction of the labeled plamnaph, which is essentially
the inversion of the presented decomposition. For eacl,emtrscan over all the entries
from which it was computed (there are at most of them) and store the partial sumsin
a balanced binary tree, where each internal node contamadximum of its left-hand
siblings. The total size of the resulting data structur@(s°) and it can be initialized
in O(nf) time.

We assume that we can obtain random bits at unit cost. When givandom num-
ber between 1 and the sum over all leaves, we can find the porrdig table entry in
one pass through the tree of partial sums, while reading leiaclithe random number
only a constant number of times, and henc@{m log n) time. Then the procedure calls
itself recursively for both factors of the product. Notettttee sum of the bit lengths of
both factors is linear in the bit length of the entry. It falls that the total running time
for traversing the decomposition tree and creating thedtigpin O(nQ), and hence
dominated by the generation of c-nets.

Itis not necessary to create the binary trees for each ehthedables. Instead, one
can simply recompute some of the values from the preprawgssép and stop if the
partial sum exceeds the random number. In this way, the seeudecomposition uses
O(nG) time andO(n* log n) space. Now Theorem 1 follows by combining the results
of this and the preceding section.

The counting part of our recurrences has been implemeni@d-+nusing the GMP
library for exact arithmetic [16]. A run fo50 vertices completed within one hour on a
1.3 GHz PC using ca. 100 MB RAM. We also checked the recurseacd initial cases
in Section 3-6 using an independent counting method. A fistliounlabeled planar
graphs with up td 2 vertices was generated by a program of Kdthnig [17]. Froes¢h
the labeled planar graphs were enumerated by ‘brute fof¢es.unlabeled numbers,
in turn, were confirmed by entries in Sloane’s encyclopefliateger sequences [25]
and by [20]. The source code is available online, as well axtimputed numbers for
n < 50. The numbers of planar graphs upto 12 vertices are givergur€il.

Using the computed numbers we can study several basic gogstbout a random
labeled planar graph. Here and in the following, wed&? (n) := >~ G()(n,m), etc.
McDiarmid, Steger, and Welsh proved that the quar{tit{) (n)/n!)'/™ converges to a



GO | m=0 1 2 3 4 5 6 7 8 9 10 m=11
n=2 T 1
3 13 3 1
4 16 15 20 15 6 1
5 110 45 120 210 252 210 120 45 10
6 1 15 105 455 1365 3003 5005 6435 6435 4995 2937 1125
7 1 21 210 1330 5985 20349 54264 116280 203490 203860 351225 342405
8 1 28 378 3276 20475 98280 376740 1184040 3108105 6906620 13112694 21322812
9 1 36 630 7140 58905 376992 1947792 8347680 30260340 94142440 254141370 599753700
10 1 45 990 14190 148995 1221759 8145060 45379620 215553195 886161035 3190035834 10145698290
11 1 55 1485 26235 341055 3478761 28989675 202927725 1217566350 6358397430 29248228548 119635845840
n=12 1 66 2145 45760 720720 8936928 90858768 778789440 5743572120 37014122200 210979522776 1074029030256
a©® m=12 13 14 15 16 17 m=18
n=6 195
7 255640 131985 40950 5712
8 29332047 32823084 28286520 17712016 7513632 1922760 223440
9 1238425650 2211404580 3316798800 4027258116 3822261219 2741630976 1427396544
10 28668181605 71916779655 158332102290 298777183440 469939341285 600955009695 611760126880

11 438280046820 1443628154430 4265969426730  11181453865032  25476016657410 49330500136830 79624401580350
n=12 | 4921137880120 20410354904940 76804615396080 261330033475764 795039490678455 2124604757997810 4893346186174215

GO m=19 20 21 22 23 m=24
n=9 507370500 109907280 10929600
10 485531549370 202849358445 129356267805 39394738800 7383474000 641277000
11 105518952278190 113319722405439 97279122118035 65610814845015 33933103318125 12970861393050
n=12 | 9560350362065580 15657657703665516 21299396020002540 23862919970813940 21811038563094660 16066761920044110
G© m=25 26 27 28 29 m=30
n=11 3448843203960 569008807200 13859692800
n=12 9378949466187576  4233883781116440  1424007585518760  335673749980800  49451047430400 3424685806080

Fig. 1. Values ofG© (n, m) for up to12 vertices.

limit v, thelabeled planar graph growth constafit9], asn — oo. As an indicator for
the speed of convergence, we computed the val@d{n)/G() (n—1) /n for various
connecitvityc, e.g.,G( (50)/G(*)(49)/50 = 25.2737. The asymptotic fraction, of
connected labeled planar graphs is betwggnand 1 [19]. Figure 2 (a) shows the
value ofG(“) (n) /G(%) (n) for several ranges of the connecitvityin particular, we have
G (50)/GO(50) = 0.960409. The limit e, of the expected edge density of general
(no connectivity requirement) labeled planar graphs isskntm be> 13/6 = 1.86 [14]
and smaller thaB.54 [6] (even smaller thaf.52 [18]). The precise values for up &
vertices are shown in Figure 2 (b). In particular, this valoen = 50 is 2.12435.
Figure 2 (c) and Figure 2 (d) respectively show the distitbudf the three types of
a network and the connectivity of labeled planar graphs onestices with varying
number of edgesa.

Very recently Giménez and Noy [15] determined the labelledhigr graph growth
constanty, = 27.2, the asymptotic fraction of connected graphs= 0.963, and the
limit of expected edge density = 2.21.

8 Conclusion

We have seen how to count and generate random planar graghgieen number of

vertices and edges using a recursive decomposition alangahnectivity structure.

A by-product of our result is that we can also generaanectedand 2-connected

labeled planar graphs uniformly at random. Moreover, itasyeto see that we can
count and generate random planaultigraphsby only changing the initial values for
planar networks as follows:

N(n,m) = P(n,m) for n=2,m>2
Py.(n,m) 1 form=2,m=k,k>1.
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To increase the efficiency of the algorithm one might wantply a technique
where the generated combinatorial objects only have appaigly the correct size;
this can then be turned into an exact generation procedurejbegtion sampling. A
general framework to tune and analyze such procedures leasdeveloped in [1, 11]

and applied to structures derived by e.g. disjoint unionsgdpcts, sequences and sets.
To deal with planar graphs it needs to be extended to the ceempueration used in this

paper.
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