
E�cient ordering of state variables and transition relationpartitions in symbolic model checking
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2 Mathias Block, Clemens Gr�opl, Harry Preu�, Hans J�urgen Pr�omel, Anand Srivastavimprove variable orders dynamically, the state-of-the-art model checking programs (SMV [19],VIS [5], Rulebase [2]) provide variants of Rudell's [26] sifting algorithm. The big advantage ofsifting is that it often produces very good orders, but for large circuits it is time expensive.Another obstacle in model checking has been the computation of the \monolithic" tran-sition relation. Burch, Clarke and Long [6] proposed a method for partitioning the transitionrelation which drastically reduces space requirements in many cases. Their algorithm computesthe transition relation in an iterative fashion by inserting exactly one partition in each iterationstep along a given order of the transition relation partitions and takes advantage of early quan-ti�cation. The sizes of the OBDDs computed in this process heavily depend on the order of thepartitions. The complexity of this problem is unknown, but expected to be NP-hard. Currentstate-of-the-art heuristics are of greedy type (see [15] and [5]). Here again it is desireable togive algorithms which go beyond the greedy approach.In this paper we give new heuristics for �nding good orders of variables and of transitionrelation partitions based on simulated annealing. We present a fast and e�cient model checkingprogram called VERIFY, which is based on SMV [19]. In section 3.1, a greedy algorithm anda simulated annealing algorithm for �nding an interleaved start order for sequential circuits isproposed. It works on the communication graph (de�ned in section 2) and uses an OBDD-independent objective function. In section 3.2, we suggest a fast simulated annealing algorithmfor dynamic reordering which has been implemented as a new subroutine within SMV. Theproblem of �nding good orders of transition relation partitions is adressed in section 4. Wehave implemented a new greedy heuristic and a simulated annealing algorithm which is basedon a new objective function that can be computed without OBDD-operations. Furthermore, it isinevitable in model checking to eliminate all variables and states, which are not required for theveri�cation of a certain speci�cation or become redundant, when certain signals are constant.We suggest linear time algorithms for such eliminations.The experimental results of our model checking package are given in section 5 and show agood performance of the simulated annealing approach on benchmark as well as on industrialcircuits. We used Somenzi's implementation of sifting with a size growing factor 1.2 (see [22]).It turns out that the combination of simulated annealing reordering with a simulated annealingstart ordering was the best algorithm with respect to space/time tradeo�: For the industrialcircuits simulated annealing reordering needed only between 7% - 39% of the time of the bestsifting. The memory requirement of simulated annealing reordering for the industrial circuitibm97was 7% higher than the requirement of sifting. In the other cases (ibm95and ibm96a)simulated annealing reordering needed only 64% resp. 48% of the memeory required by sifting.For the most complicated industrial circuit (ibm96b) only the simulated annealing/simulatedannealing approach was successful.For the partition ordering problem we observed that the simulated annealing approach isclearly better than the greedy algorithm of Geist and Beer [15].2 PreliminariesIn the context of formal veri�cation, we assume that a sequential design is given as a networkof inputs, combinational logic and latches. We de�ne a sequential circuit C formally as follows.C consists of� a set V = fv1; : : : ; vmg of state variables1 where each vi is a vector of Boolean statevariables, i. e. vi = vi[1]; : : : ; vi[ni] for all i. Let n0 =Pmi=1 ni.1Variables in SMV are state variables in this sense.



E�cient ordering of state variables and transition relation partitions in symbolic model checking 3� a set I = fw1; : : : ; wn00g of Boolean input variables.� a set S0 � f0; 1gn of initial states (n = n0 + n00). The points in f0; 1gn are the possiblestates of C.� a transition relation N which is given as a Boolean function N : f0; 1gn�f0; 1gn0 7! f0; 1g.Throughout this paper we consider synchronous circuits only. In symbolic model checking it isconvenient to call a state variable vi a present state variable vi and to introduce a copy v0i of vicalled next state variable. Let V 0 be the set of next state variables. Note that input variableshave unconstrained transition behaviour. For a set of states T � f0; 1gn, let us denote theOBDD of its characteristic function depending on the Boolean present state variables and theinput variables by T (V ) (in this notation we suppress the dependency on input variables). Theset of states reachable from a set Sk � f0; 1gn0 within one step is given by the OBDDSk+1(V 0) := Sk(V 0) _ 9v2V Sk(V ) ^N(V; V 0) : (1)Here we write 9v2V as an abbreviation for 9v1 � � � 9vm where 9vi := 9vi[1] � � � 9vi[ni] for all i.The set of reachable states (starting from the initial set of states S0) is the least �xed pointSk = Sk+1 of the above iteration.The communication graph G = (X;A) of a sequential circuit is de�ned as follows. Weassume that a next state variable v0i depends only on some present state variables, thus onlypresent state variables are required for the determination of next state variables. 2Then G is a directed graph whose vertices are the state variables and whose arcs are de�nedas follows. Let us identify state variables by their indices. We say that state variable i dependson state variable j, if the present state variable vj is required for the determination of the nextstate variable v0i. In this case there is an arc ji 2 A in the communication graph G. We alsoadd all loops ii to the arc set A. According to standard notation of graph theory, we put�+(j) := fi 2 X j ji 2 Ag and ��(i) := fj 2 X j ji 2 Ag. We denote the set of outgoing arcs by@+(j) := fji 2 A j i 2 �+(j)g and the set of incoming arcs by @�(i) := fji 2 A j j 2 ��(i)g.The input for symbolic model checking is a description of a sequential circuit C in high-level description languages like Verilog, VHDL or SMV. Such descriptions express the circuitcomplexity of C which is de�ned as the number of gates of C. In this paper we assume that thelength of the SMV �le of a circuit C is proportional to the circuit complexity of C. On the otherhand, in symbolic model checking the complexity of algorithms is measured by a function inthe number of state variables. Thus we de�ne the encoding lenght of a sequential circuit C asthe number of its state variables and distinguish between the encoding length and the circuitcomplexity of a circuit.The global optimization paradigm we will use in this paper is simulated annealing. Thegeneral structure of a simulated annealing algorithm is as follows (see [1] for a monographtreatment). Let � be a combinatorial optimization problem with an objective function Zacting on the solution space of �. The start solution is �0, the start temperature c0, and thenumber of stages in the �rst phase is L0.Simulated Annealing (Minimization)initialize(�0; c0; L0); fstart solution, start temperature, number of stages in �rst phasegk := 0; � := �0;2This condition is guaranteed by the syntax of the SMV input language. Note that in general this is not truefor the Boolean next state variables.



4 Mathias Block, Clemens Gr�opl, Harry Preu�, Hans J�urgen Pr�omel, Anand Srivastavrepeatfor l := 1 to Lk do fgenerate/acceptggenerate �� from �;if Z(��) � Z(�) then� := ��;elsechoose randomly � 2 [0 :: 1] from the uniform distribution;if eZ(�)�Z(��)ck > � then� := ��;end ifend ifend fork := k + 1;compute(Lk); compute(ck);until stop criterion satis�edoutput �;The proper choice of L and c is crucial for e�cient implementations of simulated annealing.In our implementations, we use the polynomial-time cooling schedule of Aarts and Korst [1],which turned out to be clearly superior to various non-adaptive schedules.3 The Variable Ordering ProblemIn this section, we describe simulated annealing based algorithms for �nding initial variableorders and for dynamic reordering.3.1 Initial Variable Ordering by Simulated AnnealingFor m 2 N put [m] := f1; : : : ;mg and denote by Sm := f� j� : V ! [m]g the set of all variableorders of m state variables. We de�ne z�(i) to be the latest position of a predecessor of i in Gwith respect to the variable order �, or 0, if i is an input. So formally,z�(i) := (maxf�(j) j j 2 ��(i)g ; i latch;0 ; i input:Let Z be the following objective functionZ : Sm ! N; � 7!Xi2V z�(i) : (2)Good variable orders are related to small values of Z. An explanation for this is thefollowing. Consider the OBDD of the transition relation of a sequential circuit with respect toa given order of state variables. For every state variable i there is at least one computationpath in the OBDD which reaches the 0-sink immediately after the state variable z�(i) has beentested. We argue that an OBDD in which sinks are reached as soon as possible or in otherwords, in which computation paths for the evaluation of subfunctions are small, should have asmall size. This is the same observation, Mercer, Kapur and Ross made. They used it for theirconcept of partial OBDDs [23]. Minimizing Z means to enforce short computation paths in theOBDD of the transition relation.



E�cient ordering of state variables and transition relation partitions in symbolic model checking 5The following greedy algorithm is a local minimization heuristic for Z. We denote the setof edges leaving X � V by @+(X). De�ne the in-degree of i as d�(i) := j��(i)j. The outputis a variable order �. For disjoint lists of variables � and � let � _ � be the list where � isappended to �.Greedy Initial Ordering� := �;repeatchoose a node i 2 V with minimal in-degree d�(i);let � be an order of ��(i) n fig with ascending d�;� := � _ � ;if i =2 � then� := � _ (i);end ifin H = (V;A), replace A by A n @+���(i)�;fremove the edges leaving the predecessors of igH := H n i; fremove node iguntil H = �output �;Note that � = � is possible. The loop terminates, because in each step one node is removedfrom G. A similar algorithm can be found in Touati et al. [27]. They use the heuristic of Maliket al. [18] to optimize the order within the neighborhood ��(i) of i by depth-�rst search.The simulated annealing algorithm for �nding an initial variable order works as follows.Initial Ordering by Simulated Annealing� The objective function is Z as de�ned in (2).� Generate new variable order by exchanging two randomly chosen variables.� Use the cooling schedule of Aarts and Korst [1].It is straightforward to see that the time for an update of Z is O(n2). We remark that evenfor our large example circuits the computation of the start order has been done in less than 2minutes of cpu time on a an ultra sparc station with 167 MHz cycle.3.2 Dynamic Variable Ordering by Simulated AnnealingSifting and its variants like symmetric sifting and group sifting work well but are very timeconsuming. Furthermore we observed that sometimes sifting with a random start order worksbetter or as good as one with a good start order, because sifting destroys the start order inearly reorderings. We want to take advantage of our good start orders, so we looked for a fastalternative, which allows only small local perturbations.We decided to use a single swap operation only. So the neighborhood of an order � consistsof all orders �0 arising from � by a swap of two variables and has linear size. The objectivefunction is the OBDD size. Because we use an interleaved variable ordering, here a single swap oftwo adjacent variables consists of at least four conventional swap operations. First experimentswith local search using this neighbourhood result in fast execution of reordering but in largeOBDDs. To escape from local minima we used simulated annealing with the described swapneighbourhood.



6 Mathias Block, Clemens Gr�opl, Harry Preu�, Hans J�urgen Pr�omel, Anand SrivastavOur algorithm is not comparable to that of Bollig, L�obbing and Wegener [3]. Bollig etal. obtained good variable orders for several benchmark circuits using an intense simulatedannealing algorithm with a jump and exchange neighborhood, which has quadratic size. Theexecution times were enormous.Because we use the swap neighbourhood and the cooling schedule of Aarts and Korst [1]for our implementation, we only need n proposed swap operations, before the temperatureis reduced again. Furthermore we drastically reduce the temperature (� = 10 in the coolingschedule of [1]).The choice of the swap neighbourhood for simulated annealing has one additional advan-tage. The swap of two variables i and j always causes the same change in the number of nodes,no matter whether or not other variables than i or j have been swapped before. This is becausean exchange of two neighboring variables only a�ects the nodes of the levels corresponding tothis variables (see e. g. [3]). Whenever simulated annealing refuses a swap or �nds one thatreduces the OBDD size, the di�erence of the number of nodes is stored. If in a later step thesame swap is proposed again, we decide acceptance or rejection by looking at the previouslystored increment. Thus useless swaps can be avoided. This saves time, because in the simulatedannealing algorithm the bad swaps are the most time consuming operations, especially in the�nal phase of the algorithm.As can be seen in the experimental results, our algorithm works very well with our startorders but not with random start orders.4 Ordering Of Transition Relation PartitionsOften the (monolithic) transition relation of a sequential circuit is too large and cannot becomputed. Burch, Clarke and Long [6] showed that sometimes it helps to partition the transitionrelation. Geist and Beer [15] observed that the order of partitions has a strong in
uence onthe space complexity of the computation. They proposed a greedy algorithm for �nding goodpartition orders in the case where no input variables are given and all state variables are Boolean.In this section we will suggest a greedy approach for the general case as well as a simulatedannealing algorithm based on the jump neighborhood.4.1 The ProblemLet C be a sequential circuit with present (resp. next) state variable set V = fv1; : : : ; vmg (resp.V 0 = fv01; : : : ; v0mg), input variable set I = fw1; : : : ; wn00g and transition relation N . Supposefurthermore that for each state variable vi 2 V there are ni transition functions fi;j : I � V !f0; 1g, j = 1; : : : ; ni, where vi[j] = 1 i� fi;j = 1.Given the OBDD S(V ) of a state set S � f0; 1gn, the OBDD S0(V 0) of the next state setin a forward simulation step can be computed by the following formula [6]:S0(V 0) = 9v2V S(V ) ^N(V; V 0) (3)The formula for a backward simulation step isS(V ) = 9v02V 0S0(V 0) ^N(V; V 0) : (4)



E�cient ordering of state variables and transition relation partitions in symbolic model checking 7Let P1; : : : ; Pq be a partition of the set of next state variables V 0. Each partition Pi induces apartition Ni of the transition relation de�ned byNi(V; V 0) = ^v0l2Pi nîj=1(v0l[j], fl;j(I; V )):Then N(V; V 0) = q̂i=1Ni(V; V 0):Let � 2 Sq be an order of the partitions N1; : : : ; Nq. The relational product in (3) can now becomputed iteratively: For each 1 � i � q, let Di be the set of present state variables and inputvariables on which Ni depends. PutEi = D�(i) � q[l=i+1D�(l):Ei is the set of present state and input variables contained in D�(i) that are not contained inD�(l) for any l larger than i. De�ne S0(V; V 0) = S(V ) and Sq(V; V 0) = S(V 0).S1(V; V 0) = 9v2E1S0(V; V 0)) ^N�(1)(V; V 0)S2(V; V 0) = 9v2E2S1(V; V 0) ^N�(2)(V; V 0)...Sq(V; V 0) = 9v2Eq�1Sq�1(V; V 0) ^N�(q�1)(V; V 0)The computation of the formula in (4) goes similar: Let D0i be the set of next state variablesand input variables on which Ni depends. Put E0i = D0�(i)�Si�1j=1D0�(j), S00(V; V 0) := S(V ) andS0q(V; V 0) := S0(V 0). Now S(V ) can be computed by the following iteration:S0q�1(V; V 0) = 9v2E0q( S0q(V; V 0) ^N�(q)(V; V 0) )S0q�2(V; V 0) = 9v2E0q�1( S0q�1(V; V 0) ^N�(q�1)(V; V 0) )...S00(V; V 0) = 9v2E01( S01(V; V 0) ^N�(1)(V; V 0) ):For an OBDD G let Var(G) be the set of Boolean variables on which G depends and let var(G) =jVar(G)j.We would like to choose a partition order � so that each relational product Si in theiteration above is small. Unfortunately, there is no direct relation known between � and thesizes of the Si's. A heuristic measure for the quality of � is the number of variables the relationalproducts Si depends on. The greedy heuristic as well as the simulated annealing algorithm arebased on this observation.4.2 The Greedy AlgorithmThe greedy heuristic of Geist and Beer [15] has been formulated for the special case whereI = � and m = n = q. To extend the greedy algorithm to the general case, we are faced withthe following problem: Given a subset L of the transition relation partitions, Geist and Beer



8 Mathias Block, Clemens Gr�opl, Harry Preu�, Hans J�urgen Pr�omel, Anand Srivastavcall a (Boolean) state variable v 2 Ni 2 L unique with respect to L, if v is not contained inany partition Nj 2 L� Ni. The main criterion in the greedy heuristic of Geist and Beer is tochoose in the i-th step a partition Nj with the maximum number of unique variables among theremaining partitions. This means that a maximum number of variables can be quanti�ed out,so var(Si) is minimized. Now, before we can compute Si, we have to compute the conjunctionSi�1 ^ Nj. In the case m = n = q the partition Nj adds exactly one new next state variableto Si�1 ^ Nj , so we expect that the size of Si�1 ^ Nj increases moderately compared to thesizes of Si�1 and Nj. This might not be true in the general case: if q < n, a partition Njcorresponding to a large partition set Pj will blow up the number of variables in Si�1 ^ Nj,before some variables can be quanti�ed out leading to a small Si. Thus, the Geist-Beer criterionis not a local optimization strategy in the general case.We propose a criterion that takes care of both, the conjunction Si�1 ^Nj and the partialrelational product Si by selecting a partitionNj so that var(Si�1^Nj) and var(Si) are minimized.The greedy algorithm for the forward simulation step is the following procedure.Greedy Partition Ordering (Forward)L := fN1; : : : ; Nqg;for i = 1 to q do(a) Choose Nj 2 L that minimizesvar�Si�1(V; V 0) ^Nj(V; V 0)�;if there are two or more candidates in (a), then(b) Choose among them a partition Nj that minimizesvar�9v2Ei�1(Si�1(V; V 0) ^Nj(V; V 0))�;if there are two or more candidates in (b), then(c) Choose among them a partition Nj that maximizes��Var(Nj) \SNr2(L�fNjg)Var(Nr)��;fIf there are two or more candidates in (c), choose one among them arbitrarilygend ifend ifL := L�Nj ; �(i) := j;end foroutput �;The counterpart for the backward simulation step is:Greedy Partition Ordering (Backward)L := fN1; : : : ; Nqg;for i = 1 to q do(a) Choose Nj 2 L that minimizesvar�S0q+i�1(V; V 0) ^Nj(V; V 0)�;if there are two or more candidates in (a), then(b) Choose among them a partition Nj that minimizesvar�9v2E0q+i�1(S0q+i�1(V; V 0) ^Nj(V; V 0))�:;if there are two or more candidates in (b), then(c) Choose among them a partition Nj that maximizes��Var(Nj) \SNr2(L�fNjg)Var(Nr)��;fIf there are two or more candidates in (c), choose one among them arbitrarilyg



E�cient ordering of state variables and transition relation partitions in symbolic model checking 9end ifend ifL := L�Nj ; �(q + 1� i) := j;end foroutput �;4.3 The Simulated Annealing AlgorithmIn this section we introduce a global objective function for the assessment of partition orders.Let � 2 Sq. For p 2 [1;1] let k � kp be the usual p-norm. Let X(�) and Y (�) be the vectorsX(�) := �var(S0(V; V 0) ^N�(1)(V; V 0)); : : : ; var(Sq�1(V; V 0) ^N�(q)(V; V 0))�Y (�) := �var(S0q(V; V 0) ^N�(q)(V; V 0)); : : : ; var(S01(V; V 0) ^N�(1)(V; V 0))�and de�ne cp;f (�) := kX(�)kp ;cp;b(�) := kY (�)kp :(The index f resp. b indicates forward resp. backward simulation.) For the maximum norm thegreedy algorithm in the previous section is a local optimization procedure for the functions cp;fand cp;b. We argue that good partition orders should have small cp;f and cp;b values. The ideabehind the p-norm for p <1 is the consideration of an average quality of partition orders. Forexample, if one component of the vector X(�) is inevitable large, but all others are small, themaximum norm is less informative than the L1 norm. So, p-norms for p <1 are more sensitivefor such situations. The simulated annealing algorithm for forward simulation is:Initial Partition Ordering by Simulated Annealing (Forward)� Input: A norm parameter p 2 [1;1] and a partitioned transition relation N = N1^� � �^Nq� Output: An order � 2 Sq� Run simulated annealing with cost function cp;f , jump neighborhood and the polynomial-time cooling schedule of Aarts and Korst [1].For the backward simulation step we haveInitial Partition Ordering by Simulated Annealing (Backward)� Same as for forward step, but with cp;f replaced by cp;bAn important property of these objective functions is that they are identical for backward andforward simulation. So we need to use only one of the simulated annealing procedures.Theorem 4.1 Assume that S(V ) (resp. S0(V )) depends on all l present state (resp. next state)variables. Then we have cp;f(�) = cp;b(�)for all � 2 Sq.



10 Mathias Block, Clemens Gr�opl, Harry Preu�, Hans J�urgen Pr�omel, Anand SrivastavProof: It is su�cient to show for all 1 � i � q thatSi�1(V; V 0) ^N�(i)(V; V 0) (5)and S0i(V; V 0) ^N�(i)(V; V 0) (6)depend on the same variables.Let Si�1(V; V 0) depend on a variable x.� Case 1: x is a present state variable. Then x has not been quanti�ed out. Hence thereis a partition N�(j)(V; V 0); j � i depending on x. If j = i, we are done. If j > i, thenS0i(V; V 0) depends on x, because S0j�1(V; V 0) depends on x and no present state variablesare quanti�ed out in the backward simulation step.� Case 2: x is a next state variable. Then there is exactly one partition N�(j)(V; V 0); j < i,which depends on x. But this means that in the backward simulation x has not beenquanti�ed out, so (6) depends on x.� Case 3: x is a input variable. Then there are partitions N�(j)(V; V 0) and N�(j0)(I; V; V 0),j � i > j0, both depending on x. If j = i, (6) trivially depends on x. Otherwise, S0j�1(V; V 0)depends on x and x has not been quanti�ed out, because N�(j0)(V; V 0) depends on x.All together, S0i(V; V 0) ^ N�(i)(V; V 0) depends on x. In the same fashion we can show thatSi�1(V; V 0) ^ N�(i)(V; V 0) depends on a variable x, whenever S0i(V; V 0) ^ N�(i)(V; V 0) dependson x. 25 Experimental ResultsWe have chosen test circuits from industry and from the ISCAS'89 benchmarks. The circuitsibm95, ibm96, and ibm97 are arbiter circuits designed at the IBM laboratory in B�oblingen.ibm96 is highly symmetric. It activates either a fetch/store signal or a disconnected/sense sig-nal but never both. Thus it su�ces to verify ibm96 by considering the circuit either underthe condition that the fetch/store signal is 0 (ibm96a) or under the condition that the dis-connected/sense signal is 0 (ibm96b). This information was provided by the designers. Thepartial circuit ibm96a has 98 Boolean present state variables and ibm96b has 166 present statevariables.From the ISCAS'89 benchmark set, we have chosen the circuits s444, s526, s713, s953, ands1238. Since for these circuits no speci�cations are available, we decided to de�ne speci�cationsaccording to Touati et al. [27], where we test the circuits against themselves, i. e. we checkwhether or not two copies sharing their inputs have the same output behaviour.The following table shows the number of state variables, input variables, and �xed-pointiterations required to compute the set of reachable states for the circuits. Note that in fact, thenumber of state variables has to be doubled for veri�cation in case of the ISCAS'89 BenchmarkCircuits. Nevertheless, these circuits are relatively small compared with the ibm* arbiters.Circuit s444 s526 s713 s953 s1238 ibm95 ibm96 ibm96a ibm96b ibm97Bool. state var. 21 21 19 29 18 199 234 98 166 94Bool. input var. 3 3 35 16 14 0 0 0 0 0Fixed point iter. 151 151 7 11 3 4 � 55 103 32



E�cient ordering of state variables and transition relation partitions in symbolic model checking 11Our model checking package VERIFY is based on SMV enriched by the simulated annealingprocedures discussed in this paper. The tests were performed using the following SMV options.� -cp n This option stands for model checking with a (conjunctive) partitioned transitionrelation. The integer n speci�es the OBDD size of the transition relation partitions. In thealgorithm, whenever the OBDD size of the actual transition relation partition exeeds n, anew partition is generated.� -f (compute reachable state space before evaluating CTL-formulas)� -AG (tests only AG-formulas | this option was re-implemented due to bugs in the originalprogram).Furthermore, we have introduced a garbage collection option -gc, which deletes the OBDD ofthe relational products computed so far once the new relational product has been computed.Such a clean-up procedure is obviously necessary if there are many partitions, but missing inSMV. Note that the memory requirement of VERIFY itself is already 21 430 272 bytes. This islargely due to the SMV cache options -c 1046429 and -k 1046429 which are necessary for largecircuits, but were used for all circuits to make the comparison of the various options easier. Thereal memory requirement was always 20928 KBytes more than the values given in the tables.The tests were performed on an ultra sparc station with 512 MB RAM and 167 MHz cycle.5.1 Variable ReductionVariable Reduction was applied for ibm96, leading to ibm96a and ibm96b. Before starting theveri�cation of a speci�cation, we removed variables not required by the speci�cation under con-sideration. This preprocessing step lead to a drastic reduction of the number of state variables.The corresponding subcircuits can be generated automatically in the following way. First, somesignals are �xed to constant values. Then this information is propagated through the wholedesign, and redundant signals and gates are removed. This can be done by parsing the SMVinput and applying a depth-�rst search, which is linear in the circuit complexity.5.2 Variable OrderingHere we give computational results for various initial and dynamic variable ordering heuristics.Initial variable orders were obtained by the greedy heuristic and the simulated annealing de-scribed above and compared with a random variable order. Dynamic variable ordering heuristicsare sifting and simulated annealing. We used Somenzi's implementation of sifting with a sizegrowing factor 1.2 (see [22]). The parameters we measure are:� Kbytes is the maximal number of Kbytes required in the veri�cation minus 20928� time is the total CPU time seconds� trans is the number of OBDD-nodes of the transition relation before the reachable statescomputation starts� part is the number of partitions of the transition relation



12 Mathias Block, Clemens Gr�opl, Harry Preu�, Hans J�urgen Pr�omel, Anand SrivastavReordering was started �rst, when the number of OBDD-nodes after a garbage collection was5000 or more. Later, reordering was started, when the number of OBDD-nodes after a garbage-collection was more than 4/3 of the number of OBDD nodes after the last reordering. Further-more, we used conjuctively partitioned transition relations with partitions size limit 1000.The experiments show that the combination of simulated annealing reordering with a sim-ulated annealing start ordering was the best algorithm with respect to space/time tradeo�. Forthe industrial circuits simulated annealing reordering needed only between 7% - 39% of the timeof the best sifting. The memory requirement of simulated annealing reordering for ibm97was7% higher than the requirement of sifting. In the other cases (ibm95and ibm96a) simulatedannealing reordering needed only 64% resp. 48% of the memeory required by sifting. For themost complicated industrial circuit (ibm96b) only the simulated annealing/simulated annealingapproach was successful.All reordering methods expept for ibm95showed a better performance with a start orderingcomputed by greedy or simulated annealing than with a random start ordering. The runningtimes of simulated annealing reordering are good only if a good start ordering was given. Thetendency we observed is that for large circuits the combination of a good start ordering com-puted by simulated annealing and reordering by simulated annealing is a highly recommendableapproach. s444 without reorder sifting reorder sim.-ann. reorderrandom KBytes 960 320 640input order time 75,00 102,93 116,16trans 9 576 2 743 3 027part 8 5 7sim.-ann. KBytes 256 192 320input order time 22,07 42,38 38,04trans 2 019 2 019 2 019part 2 2 2greedy KBytes 896 320 384input order time 61,34 55,94 56,51trans 1 566 1 566 1 566part 2 2 2s526 without reorder sifting reorder sim.-ann. reorderrandom KBytes 896 320 576input order time 80,04 126,68 129,68trans 10 612 3 121 2 763part 8 7 7sim.-ann. KBytes 256 192 320input order time 22,19 69,75 55,07trans 3 592 3 592 3 592part 3 3 3greedy KBytes 576 320 320input order time 48,24 67,59 56,09trans 2 032 2 032 2 032part 2 2 2



E�cient ordering of state variables and transition relation partitions in symbolic model checking 13s713 without reorder sifting reorder sim.-ann. reorderrandom KBytes 8 640 640 2 432input order time 85,74 70,11 114,78trans 32 052 3 789 21 690part 13 7 13sim.-ann. KBytes 640 640 704input order time 4,75 69,13 14,44trans 6 048 4 678 4 829part 5 5 5greedy KBytes 640 640 704input order time 5,18 71,16 13,86trans 6 138 4 747 5 090part 5 5 5
s953 without reorder sifting reorder sim.-ann. reorderrandom KBytes 1 536 704 1 152input order time 17,14 182,90 35,52trans 30 282 7 034 17 063part 17 9 15sim.-ann. KBytes 768 704 704input order time 6,38 113,57 21,98trans 12 103 6 654 8 510part 9 8 8greedy KBytes 704 704 704input order time 6,95 126,86 25,13trans 10 885 7 034 7 814part 9 9 9
s1238 without reorder sifting reorder sim.-ann. reorderrandom KBytes 4 032 640 1 088input order time 24,72 48,02 26,93trans 8 483 2 164 3 184part 6 5 6sim.-ann. KBytes 704 640 640input order time 4,73 42,81 13,13trans 4 347 2 513 3 050part 4 4 4greedy KBytes 640 640 640input order time 4,87 44,77 13,51trans 3 941 2 625 3 313part 4 3 4



14 Mathias Block, Clemens Gr�opl, Harry Preu�, Hans J�urgen Pr�omel, Anand Srivastavibm96a without reorder sifting reorder sim.-ann. reorderrandom KBytes spaceout 22 528 12 032input order time 27 338,30 2 260,92trans 12 172 31 537part 14 25sim.-ann. KBytes 30 144 9 408 4 544input order time 1 316,78 8 506,65 613,03trans 18 428 14 848 14 023part 14 12 16greedy KBytes 49 088 19 904 34 368input order time 6 301,72 26 754,90 9 933,15trans 91 884 17 982 40 567part 20 16 21
ibm96b without reorder sifting reorder sim.-ann. reorderrandom KBytes spaceout timeout timeoutinput order timetranspartsim.-ann. KBytes spaceout timeout 163 584input order time 88 236,10trans 105 976part 38greedy KBytes spaceout timeout timeoutinput order timetranspart
ibm95 without reorder sifting reorder sim.-ann. reorderrandom KBytes 1 984 1 472 896input order time 25,54 503,46 60,17trans 52 651 15 552 19 432part 37 17 18sim.-ann. KBytes 1 024 1 728 960input order time 23,86 537,30 63,14trans 26 901 15 353 20 903part 19 13 16greedy KBytes 1 152 1 408 1 536input order time 22,82 417,08 119,21trans 26 612 15 932 16 818part 20 14 15



E�cient ordering of state variables and transition relation partitions in symbolic model checking 15ibm97 without reorder sifting reorder sim.-ann. reorderrandom KBytes spaceout 3 008 8 960input order time 1 331,19 1 236,55trans 4 760 20 925part 8 15sim.-ann. KBytes 19 776 2 688 5 248input order time 493,60 1 145,61 583,93trans 51 294 5 205 10 450part 14 7 10greedy KBytes 15 808 2 944 2 880input order time 483,45 1 594,66 334,38trans 61 846 5 080 8 810part 13 7 11
5.3 Partition OrderingHere we compare the natural order given by the SMV input �le of the circuit with the or-derings obtained by our adapted greedy heuristic (greedy part) and with simulated annealing(sim part). The interesting and relevant parameters are the running time (time), the mem-ory (Kbytes), the maximum size of the OBDD of a relational product (max rel prod) and theaverage size (mean rel prod) of the OBDDs of all relational products.For the ISCAS benchmarks we considered the partitioned transition relation have only afew partitions. Here partition ordering does not make any sense. (Larger benchmarks likes1423 or s5378 were already untractable.) The following tables contain experimental resultsfor ibm96a and ibm97. The tests were performed using an input variable ordering obtained bysimulated annealing and without reordering. The �rst table shows the results for a partitionsize limit of 100, the second is for 1000. Usually the running times are less critical parametersthan the memory requirements. The running times for natural orderings are slightly betterthan the running times of simulated annealing, but both are clearly better than the runningtimes of the greedy algorithm. The interesting observation is that for a simulated annealingordering the memory requirement was as least as good as the best of the other heuristics andfor ibm97we have an improvement of 45%.Partition Size 100Circuit Order time Kbytes max relprod mean relprodibm96a natural order 2672 25984 643050 57122(49 partitions) greedy 3378 42176 1050625 66485simulated ann. 2966 25920 638591 55068ibm97 natural order 833 19712 238980 40103(32 partitions) greedy 711 16960 315296 33106simulated ann. 592 10880 165774 25384



16 Mathias Block, Clemens Gr�opl, Harry Preu�, Hans J�urgen Pr�omel, Anand SrivastavPartition Size 1000Circuit Order time Kbytes max relprod mean relprodibm96a natural order 1173 30144 643050 59798(14 partitions) greedy 2186 53376 1099513 108001simulated ann. 1177 30144 645268 61623ibm97 natural order 492 19776 238982 38874(14 partitions) greedy 397 15168 235212 32182simulated ann. 407 15168 235212 32418References[1] E. Aarts, J. Korst; Simulated annealing and Boltzmann machines.Wiley Interscience Seriesin Discrete Mathematics and Optimization, Tiptree, England (1990).[2] I. Beer, S. Ben-David, C. Eisner, A. Landver; Rulebase: an industry-oriented formal veri-�cation tool. Preprint (1996), IBM Haifa Research Labaratory, Haifa, Israel.[3] B. Bollig, M. L�obbing, I. Wegener; Variable orderings for OBDDs, simulated annealing, andthe hidden weighted bit function. Preprint, Institut f�ur Informatik, Universit�at Dortmund,1996.[4] K. S. Brace, R. L. Rudell, R. E. Bryant; E�cient implementation of a BDD package. In27. ACM/IEEE Design Automation Conference, 1990, 40{45.[5] R. K. Brayton, G. D. Hachtel, A. Sangiovanni-Vincentelli, F. Somenzi, A. Aziz, S.-T.Cheng, S. Edwards, S. Khatri, Y. Kukimoto, A. Pardo, S. Qadeer, R. K. Ranjan, S.Sarwary, T. R. Shiple, G. Swamy, T. Villa; VIS: A System for Veri�cation and Synthesis.[6] J. R. Burch, E. M. Clarke, D. E. Long; Symbolic Model Checking with Partitioned TransitionRelations. In International Conference on Very Large Scale Integration, 1991.[7] J. R. Burch, E. M. Clarke, D. E. Long; Representing Circuits More E�ciently in SymbolicModel Checking. 28th DAC, 1991, 403 { 407.[8] J. R. Burch, E. M. Clarke, D. E. Long, K. L. McMillan; Symbolic Model Checking forSequential Circuit Veri�cation. In IEEE Transactions on Computer-Aided Design of Inte-grated Circuits and Systems, Vol. 13, No. 4, 1994, 401{424.[9] J. R. Burch, E. M. Clarke, K. L. McMillan, D. L. Dill, L. J. Hwang; Symbolic ModelChecking: 1020 States and Beyond, Information and Computation 98 (1992), 142 { 170.[10] J. R. Burch, E. M. Clarke, K. L. McMillan, D. L. Dill; Sequential Circuit Veri�cation UsingSymbolic Model Checking. In 27th DAC, 1990, 46 { 51.[11] K. M. Butler, D. E. Ross, R. Kapur, M. R. Mercer; Heuristics to compute variable orderingsfor e�cient manipulation of ordered binary decision diagrams. In 28. ACM/IEEE DesignAutomation Conference, 1991, 417{420.[12] S. J. Friedman, K. J. Supowit; Finding the optimal variable ordering for binary decisiondiagrams. In IEEE Trans. on Computers 39, 1990, 710{713.[13] M. Fujita, H. Fujisawa, N. Kawato; Evaluation and improvements of Boolean comparisonmethod based on binary decision diagrams. In IEEE Int. Conf. on Computer Aided DesignICCAD, 1988, 2{5.



E�cient ordering of state variables and transition relation partitions in symbolic model checking 17[14] M. Fujita, Y. Matsunaga, T. Kakuda; On variable ordering of binary decision diagrams forthe application of multi-level logic synthesis. In European Design Automation ConferenceEDAC, 1991, 50{54.[15] D. Geist, I. Beer; E�cient Model Checking by Automated Ordering of Transition RelationPartitions. In CAV '94, Lecture Notes in Computer Science, vol. 818, 299{310.[16] N. Ishiura, H. Sawada, S. Yajima; Minimization of binary decision diagrams based onexchange of variables. In IEEE Int. Conf. on Computer Aided Design ICCAD, 1991, 472{475.[17] S.-W. Jeong, B. Plessier, G. D. Hachtel, F. Somenzi; Variable ordering and selection forFSM traversal. In IEEE Int. Conf. on Computer Aided Design ICCAD, 1991, 476{479.[18] S. Malik, A. R. Wang, R. K. Brayton, A. Sangiovanni-Vicentelli; Logic veri�cation usingbinary decision diagrams in a logic synthesis environment. In IEEE Int. Conf. on ComputerAided Design ICCAD, 1988, 6{9.[19] K. L. McMillan; The SMV System DRAFT. Carnegie Mellon University, 1992.[20] K. L. McMillan, J. Schwalbe; Formal veri�cation of the Encore Gigamax cache consis-tency protocol. In Proceedings of the 1991 International Symposium on Shared MemoryMultiprocessors, 1991.[21] K. L. McMillan; Symbolic Model Checking. Kluwer Academic Press, 1993.[22] C. Meinel, A. Slobodov�a; Speeding up Variable Reordering of OBDDs. ForschungsberichtNr. 96-40, FB-IV Informatik, Universit�at Trier, 1996.[23] M. R. Mercer, R. Kapur, D. E. Ross; Functional approaches to generating orderings fore�cient symbolic representation. In 29. ACM/IEEE Design Automation Conference, 1992,614{619.[24] R. K. Ranjan, A. Aziz, R. K. Brayton, B. Plessier, C. Pixley; E�cient BDD Algorithmsfor FSM Synthesis and Veri�cation.[25] D. E. Ross, K. M. Butler, R. Kapur, M. R. Mercer; Fast functional evaluation of candidateOBDD variable ordering. In European Design Automation Conference EDAC, 1991, 4{10.[26] R. Rudell; Dynamic variable ordering for ordered binary decision diagrams. In Int. Conf.on Computer Aided Design ICCAD, 1993, 42{47.[27] H. J. Touati, H. Savoi, B. Lin; Implicit state enumeration of �nite state machines usingBDD's. In Int. Conf. on Computer Aided Design ICCAD, 1991, 130{133.


