
On the Evolution of the Worst-Case OBDD Size

Clemens Gröpl∗ Hans Jürgen Prömel∗∗ Anand Srivastav∗∗∗

Abstract

We prove matching lower and upper bounds on the worst-case OBDD size of a Boolean function, revealing an
interesting oscillating behavior.
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1 Introduction

The ordered binary decision diagram (OBDD) is a representation of Boolean functionsf : {0, 1}n → {0, 1}

that combines compactness with algorithmic manageability. The history of OBDDs dates back to Lee’s seminal
article from 1959 [10], but their algorithmic properties were recognized only in the early eighties by Bryant [3, 4].
Nowadays, several efficient implementations are available, e. g. [2, 13] and OBDDs are in widespread use.

An OBDD is a branching program in which the variables are tested only once and according to some fixed
variable ordering. More explicitly, an OBDD is an acyclic directed graph with one root and two terminals0

and 1 , in which each internal (non-terminal) node has two outgoing edges pointing to successor nodes and is
labeled with a variable. To evaluate the function represented by an OBDD, computation starts at the root node
and in each step follows one of the two outgoing edges according to the value of the variable of the node being
visited, until finally a terminal is reached. Alevel is the set of all nodes which are labeled with a particular
variable. The variable ordering implies that an OBDDs consists of levels stacked on top of each other. An OBDD
is reduced, if it contains no nodes representing the same subfunction.OBDDs are assumed to be reduced unless
stated otherwise. The OBDD for a Boolean function is unique up to the choice of the variable ordering. We can
obtain the ordered binary decision diagram of a Boolean function from its ordered binary decision tree by applying
two reduction rules. Themerging rule allows us to identify nodes that test the same variable and have coinciding
successor nodes. Thedeletion rule asserts that nodes with both outgoing edges pointing to the same successor
can be removed, because the function they represent does notdepend on the variable that is about to be tested.
Thequasi-reduced ordered binary decision diagram (qOBDD) results from applying (only) the merging rule to its
binary decision tree. Like the OBDD, it is uniquely determined for each variable ordering, and from the qOBDD
of a function we obtain the OBDD using the deletion rule.

Let us denote the worst-case size of the reduced OBDD of a Boolean function ofn variables byW ′(n).
Already Lee [10] proved that the worst-case OBDD size is at most 4 · 2n/n − 2 . He also showed that Boolean
functions exist whose BDD size is at least1

2 · 2n/n + 1 . A BDD is defined like an OBDD, but the read-once
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property and the variable ordering requirement are dropped. Therefore, his lower bound also applies to OBDDs.
The proof uses a variant of Shannon’s classical counting argument [12] and shows that in fact almost all Boolean
functions have such large BDDs.

Liaw and Lin [11] improved Lee’s upper bound to
(
2+ o(1)

)
· 2n/n . Their upper bound is attained for certain

multiplexor functions withn = 2h + h variables. Minor errors were corrected by Heap and Mercer [9].
Breitbart, Hunt, and Rosenkrantz [1] showed that the worst-case BDD size is

(
1 + o(1)

)
·2n/n . Independently

of [11] and [9], they also discovered the
(
2 + o(1)

)
· 2n/n upper bound for OBDDs and observed that the same

construction yields a matching upper bound of
(
1 + o(1)

)
· 2n/n for certain values ofn . They posed the problem

“to more exactly characterize”W ′ [1, p. 57], and it seems that they (falsely) assumed that the upper bound
(
1 + o(1)

)
· 2n/n also holds for OBDDs on the analogy of their tight BDD result.

Notice that the results of [11] and [1] together imply that the ratio W ′(n)
/
(2n/n) is bounded, but does not

converge to a limit. Such an oscillating behavior does not occur for BDDs.
Heap and Mercer [9] gave an exact formula forW ′(n) (as a sum over the level sizes) and an explicitly

defined series of functions that attains this value for eachn ∈ N . They also gave a diagram [9, Figure 1] of
W ′(n)

/
(2n/n) for n 6 160 which reveals the oscillations, but did not comment on this fact. Moreover, although

their diagram suggests that the right ‘global’ lower bound should be
(
1 + o(1)

)
· 2n/n , the authors only proved

that W ′(n) >
1
2 · 2n/n .

In this article we give a precise analysis of the asymptoticsand the evolution of the worst-case OBDD size for
all n . We determine the asymptotic value ofW ′(n) for all n , and the shape of the oscillations. It turns out to be
advantageous not to compareW ′(n) with 2n/n , but with 2L(n) , where the functionL : R+ → R+ is defined
by the equationn = L(n) + log L(n). In this way, we can remove theo(1) terms in several places, thereby also
improving the ‘global’ bounds from [11, 9, 1]. Finally, we discuss some consequences of our results and how they
are related with recent results on the OBDD (and FBDD) size ofalmost all Boolean functions [15, 7, 5].

2 Preliminaries

2.1 Definitions

We consider ordered binary decision diagrams for a Boolean functionf respecting the variable orderingx1, . . . , xn .
Let us denote the quasireduced ordered binary decision diagram for f (where only the merging rule is available)
by qOBDD(f). The nodes on leveli of qOBDD(f) represent the different subfunctions off which result from
substituting the firsti − 1 variablesx1, . . . , xi−1 by constantsc1, . . . , ci−1 . Clearly, the level sizes in qOBDDs
are upper bounded by the growth rate of the decision tree,ki := 2i−1 . In the lower part, another observation

becomes important: The number of Boolean functions withn − i + 1 variables ismi := 22n−i+1

. See Figure 1.
Similarly, we denote the (fully reduced) ordered binary decision diagram forf by OBDD(f). In OBDDs, a node
is present only if the corresponding subfunction ‘really’ depends on the variable tested at that node. Hence we
obtain a slightly smaller upper bound ofm′

i := mi − mi+1 for the level width in the lower part of OBDDs. Let
wi := min{ki, mi} and w′

i := min{ki, m
′
i} . The upper boundswi resp.w′

i are tight (see Lemma 1 below).
So the worst-case size isW (n) :=

∑n
i=1 wi for qOBDDs andW ′(n) :=

∑n
i=1 w′

i for OBDDs. A rough esti-
mate isW (n), W ′(n) = Θ(2n/n). A tight estimate cannot have this form, because the ratiosW (n)n/2n and
W ′(n)n/2n oscillate in a periodic way.

2.2 Tight Bounds for the Level Sizes

The upper boundswi andw′
i are tight, as is shown in the following lemma proved in [9]. Itis included here for

completeness.
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Lemma 1 For all n , there exist Boolean functions f and f ′ of n variables such that for all i ∈ [n] , level i of
qOBDD(f) (resp. OBDD(f)) has width wi (resp. w′

i ).

Proof. We show how to construct reduced and quasireduced OBDDs matching the upper bounds, thus definingf

andf ′ . Let i be the largest index such thatki 6 mi . For the top part of the OBDD, we take a decision tree with

ki terminals. Sinceki 6 mi , we can assign different subfunctions depending onn − i + 1 variables to all the

terminals of the decision tree. So we can guarantee that in the resulting OBDD, no mergings are possibleabove

andat level i .

But how can we enforce that the upper bound is attained at the levelsbelow i? We need to specify the way in

which subfunctions are assigned to the leaf nodes of the top part tree in more detail. Think of a ‘universal’ shared

OBDD U representing all Boolean functions of the lower variablesxi, . . . , xn . (A shared OBDD represents a

family of Boolean functions, using the reduction rules in the obvious way.) In the reduced OBDD case,U has

mi nodes, including the sinks, whereas in the quasireduced OBDD case, the top level ofU wherexi is tested

(possibly redundantly) alone already hasmi nodes. In the reduced OBDD case, the terminals of the top parttree

are replaced with nodes from the whole lower part, while in the quasireduced OBDD case, we only use the nodes

at the top level of the lower part.

Since2ki = ki+1 > mi+1 , we can choose the firstmi+1/2 subfunctions in such a way that the high- and

low-successors of these nodes already ‘cover’ the second level of U (wherexi+1 is tested) completely. The levels

below i + 1 are ‘full’, because each node at levelj > i + 2 has incoming edges from levelj − 1 . ut

2.3 The FunctionL

Due to the fast growth and shrink rate of the upper boundski and mi on the level sizes, is clear that the most
interesting part of a worst-case qOBDD is near a certain ‘critical point’ i0 where the two bounds meet. Worst-case
OBDDs look almost the same. We considermi instead ofm′

i for technical reasons. The equationki = mi has
no solution in closed form. We define the functionL by the functional equation

L(n) + log L(n) = n (1)

and set

iδ := L(n) + δ + 1 . (2)

Then we have

kiδ
= 2δ+L and miδ

= 22−δL . (3)

With these definitions,i0 is indeed the critical point, because

wi0 = ki0 = mi0 = 2L(n) .

Notice thati0 is not an integer in general. It just marks the point wherewi (as a function ofi) turns from growing
exponentially to shrinking doubly exponentially. See Figure 1.

Earlier investigations dealt withn − log n in some way [15] or approximatedL(n) by other means [11]. In
[9], di0e appeared implicitly in the form ofmin{ i ∈ N | ki > mi } , but the authors did not provide an asymptotic
for di0e − i0 . We found it advantageous to deal directly withL , so that we can use the functional equation (1). It
is easy to verify thatL(n) = n − log n + o(1) ∼ n and2L(n) ∼ 2n/n . See also [5].
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Figure 1: The worst-case shape of a qOBDD

3 Evolution of the Worst-Case Sizes

We start with an analysis of the qOBDD case. The results do notchange by much when we include the effect of
the deletion rule later.

3.1 Quasireduced OBDDs

By definition of the functionL , we have

wi =

{

ki , i 6 i0 ;

mi , i > i0 .
(4)

To estimateW , we write out the sum and substitute (4).

W (n) =

di0e−1
∑

i=1

2i−1 +

n∑

i=di0e

22n−i+1

=

dLe−1
∑

i=0

2i +

n−dLe
∑

i=1

22i

= 2dLe + 22n−dLe

+
∣
∣
∣O

(

22n−dLe−1
)∣
∣
∣ . (5)

Both leading terms are roughly of size2L . The exact value ofdLe is given by the next lemma (cf. [9, Lemma 3]).

Lemma 2
⌈
L

(
2h + h + a

)⌉
=

{

2h + a + 1 , a ∈
[
−2h−1 − 1 ..−1

]
;

2h + a , a ∈
[
0 .. 2h

]
.

Proof. Using the functional equation (1), we can write

L
(
2h + h + a

)
= 2h + h + a − log L

(
2h + h + a

)
.
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SinceL
(
2h + h

)
= 2h by (1) and log L is a strictly isotone function, we have fora ∈

[
−2h−1 − 1 ..−1

]
,

h − 1 = log L
(
2h−1 + h − 1

)
6 log L

(
2h + h + a

)
< log L

(
2h + h

)
= h ,

and fora ∈
[
0 .. 2h

]
,

h = log L
(
2h + h

)
6 log L

(
2h + h + a

)
< log L

(
2h+1 + h + 1

)
= h + 1 .

Thus, the points wheredLe does not increase aredL(2h + h− 1)e = dL(2h + h)e . From these observations, the

lemma is easily inferred. ut

3.1.1 Oscillations

Theorem 3 gives the asymptotic value ofW/2L for parametrization ofn ‘close’ to 2h + h . See Figure 2 on
page 6.

Theorem 3 Assume that n → +∞ is of the form n = 2h + h + a , where a = o(2h) . Then

W (n)

2L(n)
∼

{

2 , a 6 0 ;

1 + 2−a , a > 0 .

Proof. We approximateW and2L separately and then consider their ratio. — To estimateW (n), we use (5) and

apply Lemma 2. Fora ∈
[
−2h−1 − 1 ..−1

]
,

W
(
2h + h + a

)
= 22h+a+1 + 22h−1

+ O
(

22h−2
)

∼ 22h+a+1 + 22h−1

(6)

asa = o(2h). Similarly for a ∈
[
0 .. 2h

]
,

W
(
2h + h + a

)
= 22h+a + 22h

+ O
(

22h−1
)

∼ (2a + 1) 22h

. (7)

SinceL(n) ∼ n ∼ 2h , expandingL twice using the functional equation (1) yields

2L(n) =
2n

n − log L(n)
∼

22h+h+a

2h + a
∼ 22h+a . (8)

This leads to the asserted formulae forW/2L : For a ∈
[
−2h−1−1 ..−1

]
,

W

2L
∼

22h+a+1 + 22h−1

22h+a
= 2 + 2−2h−1−a ∼ 2

by (6) and (8). Fora ∈
[
0 .. 2h

]
,

W

2L
∼

(2a + 1) 22h

22h+a
= 1 + 2−a

by (7) and (8). ut

A complementary view is given by Theorem 4, which describes how W/2L develops between2h + h and
2h+1 + h + 1 . See Figure 3.

Theorem 4 Assume that n → +∞ and write n = b2h + h with b ∈ [1, 2] , h ∈ N . Then

W (n)

2L(n)
= b

(

1 + 2(1−b)2h

+ O
(

2( 1
2−b)2h

))(

1 −
log b + O(h/n)

b2h

)

.

In particular, W (n)/2L(n) ∼ b , if n grows in such a way that b is bounded away from 1 .
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Figure 3: The oscillation of the worst-case size of
(q)OBDDs

Proof. It is easy to see thath and b are well-defined for everyn . The proof of the theorem is similar to that

of the casea > 0 in Theorem 3, but we need to estimate2L(n) more accurately. First, observe thatL(n) =

n + O(log n) = b2h
(
1 + O(h/n)

)
, so fromlog(1 + x) ∼ x log e for x → 0 we get

log L(n) = log
(
b2h(1 + O(h/n))

)
= log b + h + O(h/n) .

Therefore, a refined version of (8) is

2L(n) =
2b2h+h

b2h − log b + O(h/n)
. (8’)

Using (7) and (8’), we see that

W (n)

2L(n)
=

2b2h

+ 22h

+ O
(

22h−1
)

2b2h
·
b2h − log b + O(h/n)

2h

= b
(

1 + 2(1−b)2h

+ O
(

2( 1
2−b)2h

))(

1 −
log b + O(h/n)

b2h

)

.
ut

3.1.2 Global bounds

Our refined analysis of the oscillation of the worst-case size also leads to slight improvements over the upper
bound of Liaw and Lin [11] and Heap and Mercer [9] and the lowerbound of Breitbart, Hunt, and Rosenkrantz [1].
Essentially, the lower bound from [1] is1 + o(1), and the upper bound from [11] is2 + o(1). Our bounds are
attained for certain sequences ofn which are explained in the proof.

Theorem 5 For n → +∞ ,

1 <
W (n)

2L(n)
6 2 + O

(

2−L(n)/2
)

= 2 + O

(√
n

2n

)

.

The upper bound can be improved to W (n)/2L(n) < 2 for large n , unless n = 2h + h for some h ∈ N .

Proof. The lower bound holds becauseW > 2dLe > 2L by (5). — For the upper bound, we use the asymptotic

from Theorem 4. Leth andb be as defined there. First, we simplify theO
(
2(1/2−b)2h)

term. Observe that

L(n) = L
(
b2h + h

)
6 L

(
b2h + log b + h

)
= L

(
b2h + log(b2h)

)
= b2h
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by the isotonicity and the defining functional equation ofL . Therefore,
(

1

2
− b

)

2h
6

−b

2
2h

6
−L(n)

2
.

This proves

2( 1
2−b)2h

= O
(
2−L(n)/2

)
.

With a := (b − 1)2h (so n = 2h + h + a) the asymptotic from Theorem 4 becomes

W (n)

2L(n)
=

(

1 +
a

2h

) (

1 + 2−a + O
(
2−L(n)/2

))
(

1 −
log(1 + a/2h) + o(1)

a + 2h

)

. (9)

In particular, for any sequence of the formn = 2h + h + a , wherea → +∞ anda = o
(
2h

)
, we getW/2L =

1 + o(1), which proves that the lower bound is asymptotically tight.

On the other hand, ifn = 2h + h , thenL(n) = 2h by Lemma 2, and from (5) we can easily read off that

W (2h + h) = 2 · 22h

+ 22h−1

+ O
(
22h−2)

= 2 · 2L(n) + Θ
(
2L(n)/2

)
,

which shows that the upper bound is attained fora = 0 . (Recall thatL(n) = n − log n + o(1), so2L ∼ 2n/n .)

It remains to show thatW (n)/2L(n) < 2 , if n = 2h + h + a and a ∈ [1 .. 2h], providedh is bigger than

some fixed constant (which will not be determined here). In the following estimations, we always assume thath

is large enough. Note thatL(n) = Θ
(
2h

)
. If a = 1 , thenW/2L = 3

2 + o(1) < 2 by (9). If 2 6 a 6
2
52h , then

(

1 + a/2h

︸︷︷︸

62/5

)(
1 + 2−a

︸︷︷︸

61/4

)
6

7

5
·
5

4
=

7

4
,

which impliesW/2L 6
7
4 + o(1) < 2 by (9). Finally, if 2

52h < a 6 2h , then

W (n)

2L(n)
=

(

1 + a/2h
)

︸ ︷︷ ︸

62

(

1 + 2−a

︸︷︷︸

62− 2
5
2h

+ O
(
2−L(n)/2

)

︸ ︷︷ ︸

2−Ω(2h)

) (

1 −
log(1 + a/2h) + o(1)

a + 2h
︸ ︷︷ ︸

>(log 7
5+o(1))/2h+1

)

< 2

by (9). ut

3.2 Reduced OBDDs

We now describe the necessary modifications when we take the effect of the deletion rule into account.

3.2.1 Oscillations

By (4), j = di0e is the smallest index such thatkj > mj . Since bothkj and mj are powers of2 and m′
j =

mj

(
1 − |o(1)|

)
for j = n − ω(1), it follows that j = di0e is also the smallest index such thatkj > m′

j . The
starting point of our qOBDD analysis was (5). For reduced OBDDs, we have

W ′(n) =

di0e−1
∑

i=1

2i−1 +

n∑

i=di0e

(

22n−i+1

− 22n−i
)

=

dLe−1
∑

i=0

2i +

n−dLe
∑

i=1

(

22i

− 22i−1
)

= 2dLe + 22n−dLe

− 3 . (10)
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Theorem 6 Theorems 3 and 4 hold for W ′/2L as well.

Proof. Since−3 = O
(
22L−2)

, the estimates (6) and (7) from the proof of Theorem 3 are valid for W ′ , too. ut

3.2.2 Global Bounds

The global bound is even nicer for reduced OBDDs.

Theorem 7 For large enough n ,

1 <
W ′(n)

2L(n)
< 2 ,

and both bounds are asymptotically tight.

Proof. The lower bound follows sinceW ′ > 2dLe > 2L by (10). — SinceW ′ 6 W , the upper bound follows

from Theorem 5 except for the casen = 2h + h . If n = 2h + h , then dLe = 2h by Lemma 2, and we have

W ′ = 2L + 22n−L

− 3 = 2 · 2L − 3 by (10). This also shows that the upper bound is asymptotically attained. ut

4 Discussion

The worst-case size is just one way to look at the complexity of Boolean functions. In fact, almost all Boolean
functions are close to the worst-case size [10, 11]. Gröpl,Srivastav, and Prömel [6] have shown, building on work
of Wegener [15], that the OBDD size of almost all Boolean functions (up to a doubly exponentially small fraction)
deviates only by an exponentially small factor from the expected size. Also, the expected size coincides with
W ′(n) up to a factor of1 + o(1) for most values ofn , with the exception of intervals of constant length around
the valuesn = 2h + h . Hence, the expected size oscillates also, but the peaks areslightly smoother. Similar
results hold for OBDDs with an optimal variable ordering. However, the exact course of the worst-case OBDD
size for optimal variable orderings is still unknown for theexceptional intervals mentioned above.

If we drop the variable ordering restriction, but retain theread-once property, the resulting data structure is
called free binary decision diagram (FBDD). FBDDs (with certain restrictions) have efficient algorithms [8, 14].
The expected and worst-case FBDD sizes coincide for mostn asymptotically with those of OBDDs and hence
oscillate in a similar way, but the exceptional intervals for FBDDs have non-constant length [5]. It seems that no
results are known on the worst-case FBDD size except those which follow from the results on BDDs and OBDDs.
As a direction of future research, we suggest that the worst-case size of FBDDs should be determined up to a
factor of1 + o(1) for all n .
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