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Abstract

We prove matching lower and upper bounds on the worst-cadeBDdtze of a Boolean function, revealing an
interesting oscillating behavior.
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1 Introduction

The ordered binary decision diagram (OBDD) is a represiemaif Boolean functionsf: {0,1}" — {0,1}
that combines compactness with algorithmic manageabflitye history of OBDDs dates back to Lee’s seminal
article from 1959 [10], but their algorithmic propertiesne@@ecognized only in the early eighties by Bryant [3, 4].
Nowadays, several efficient implementations are availahig. [2, 13] and OBDDs are in widespread use.

An OBDD is a branching program in which the variables areetdsinly once and according to some fixed
variable ordering. More explicitly, an OBDD is an acycliaelited graph with one root and two termindls
and 1, in which each internal (non-terminal) node has two outgadges pointing to successor nodes and is
labeled with a variable. To evaluate the function represstbly an OBDD, computation starts at the root node
and in each step follows one of the two outgoing edges aaugitdi the value of the variable of the node being
visited, until finally a terminal is reached. level is the set of all nodes which are labeled with a particular
variable. The variable ordering implies that an OBDDs cstssif levels stacked on top of each other. An OBDD
is reduced, if it contains no nodes representing the same subfunc@BDDs are assumed to be reduced unless
stated otherwise. The OBDD for a Boolean function is unigoéauthe choice of the variable ordering. We can
obtain the ordered binary decision diagram of a Booleantfanérom its ordered binary decision tree by applying
two reduction rules. Thenerging rule allows us to identify nodes that test the same variable and é@inciding
successor nodes. Tlieletion rule asserts that nodes with both outgoing edges pointing toahe ssuccessor
can be removed, because the function they represent doeepend on the variable that is about to be tested.
Thequasi-reduced ordered binary decision diagram (qOBDD) results from ajmglyonly) the merging rule to its
binary decision tree. Like the OBDD, it is uniquely deteredrfor each variable ordering, and from the gOBDD
of a function we obtain the OBDD using the deletion rule.

Let us denote the worst-case size of the reduced OBDD of acBadiunction ofn variables by’ (n).
Already Lee [10] proved that the worst-case OBDD size is asto 2"/n — 2. He also showed that Boolean
functions exist whose BDD size is at least 2"/n + 1. A BDD is defined like an OBDD, but the read-once
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property and the variable ordering requirement are dropphldrefore, his lower bound also applies to OBDDs.
The proof uses a variant of Shannon'’s classical countingraemt [12] and shows that in fact almost all Boolean
functions have such large BDDs.

Liaw and Lin [11] improved Lee’s upper bound {@ + o(1)) - 2"/n. Their upper bound is attained for certain
multiplexor functions withn = 2" + h variables. Minor errors were corrected by Heap and Merder [9

Breitbart, Hunt, and Rosenkrantz [1] showed that the woaste BDD size ig1 + o(1)) -2"/n. Independently
of [11] and [9], they also discovered tHe + o(1)) - 2"/n upper bound for OBDDs and observed that the same
construction yields a matching upper bound oft o(1)) - 2/n for certain values ofi. They posed the problem
“to more exactly characterizeW’ [1, p. 57], and it seems that they (falsely) assumed that gpeubound
(1+ o(1)) - 2"/n also holds for OBDDs on the analogy of their tight BDD resullt.

Notice that the results of [11] and [1] together imply thag tlatio W’ (n) /(2"/n) is bounded, but does not
converge to a limit. Such an oscillating behavior does notiofor BDDs.

Heap and Mercer [9] gave an exact formula 18t (n) (as a sum over the level sizes) and an explicitly
defined series of functions that attains this value for eachN. They also gave a diagram [9, Figure 1] of
W'(n)/(2"/n) for n < 160 which reveals the oscillations, but did not comment on tas.fMoreover, although
their diagram suggests that the right ‘global’ lower bouhdidd be(l + 0(1)) - 2"/n, the authors only proved
thatWw’(n) > 1 -2"/n.

In this article we give a precise analysis of the asymptaticdthe evolution of the worst-case OBDD size for
all n. We determine the asymptotic valuedf'(n) for all n, and the shape of the oscillations. It turns out to be
advantageous not to compaié’(n) with 2"/n, but with 2-(") | where the function, : R, — R is defined
by the equatiom = L(n) + log L(n). In this way, we can remove th€1) terms in several places, thereby also
improving the ‘global’ bounds from [11, 9, 1]. Finally, wesdiuss some consequences of our results and how they
are related with recent results on the OBDD (and FBDD) sizadmbst all Boolean functions [15, 7, 5].

2 Preliminaries

2.1 Definitions

We consider ordered binary decision diagrams for a Boolgaction f respecting the variable ordering, . .., =, .
Let us denote the quasireduced ordered binary decisiomadiafpr f (where only the merging rule is available)
by gOBDD(f). The nodes on level of qOBDD( f) represent the different subfunctions pfwhich result from
substituting the first — 1 variableszy, ..., z;_1 by constants;y,...,¢;_1. Clearly, the level sizes in qOBDDs
are upper bounded by the growth rate of the decision ttge= 2!, In the lower part, another observation
becomes important: The number of Boolean functions with i 4+ 1 variables ism; := 22" see Figure 1.
Similarly, we denote the (fully reduced) ordered binaryisien diagram forf by OBDD(f). In OBDDs, a node
is present only if the corresponding subfunction ‘reallgpends on the variable tested at that node. Hence we
obtain a slightly smaller upper bound of] := m,; — m,1; for the level width in the lower part of OBDDs. Let
w; = min{k;,m;} andw, := min{k;, m;}. The upper bounds); resp.w, are tight (see Lemma 1 below).
So the worst-case size 1§ (n) := Y ", w; for qOBDDs andW’(n) := >_"" ; w] for OBDDs. A rough esti-
mate isW(n), W/(n) = ©(2"/n). A tight estimate cannot have this form, because the rafigs)n /2" and
W'(n)n/2™ oscillate in a periodic way.

2.2 Tight Bounds for the Level Sizes

The upper bounds); andw) are tight, as is shown in the following lemma proved in [9lislincluded here for
completeness.
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Lemma 1 For all n, there exist Boolean functions f and f’ of n variables such that for all i € [n], level i of
gOBDD( ) (resp. OBDD( f)) haswidth w; (resp. w;).

Proof. We show how to construct reduced and quasireduced OBDDsingtthe upper bounds, thus definiig
and f’. Let i be the largest index such thiat < m;. For the top part of the OBDD, we take a decision tree with
k; terminals. Since:; < m;, we can assign different subfunctions dependingwon ¢ + 1 variables to all the
terminals of the decision tree. So we can guarantee thaeinetsulting OBDD, no mergings are possiblmve
andat level ;.

But how can we enforce that the upper bound is attained aetietsbelow i ? We need to specify the way in
which subfunctions are assigned to the leaf nodes of theadpnee in more detail. Think of a ‘universal’ shared
OBDD U representing all Boolean functions of the lower variahiles .., z,. (A shared OBDD represents a
family of Boolean functions, using the reduction rules ie tibvious way.) In the reduced OBDD caéé,has
m,; nodes, including the sinks, whereas in the quasireduced&i3e, the top level off wherez; is tested
(possibly redundantly) alone already has nodes. In the reduced OBDD case, the terminals of the topneart
are replaced with nodes from the whole lower part, while endhasireduced OBDD case, we only use the nodes
at the top level of the lower part.

Since2k; = ki1 > m;41, we can choose the firsh; 1 /2 subfunctions in such a way that the high- and
low-successors of these nodes already ‘cover’ the secorbdéU (wherex, . is tested) completely. The levels
belowi + 1 are ‘full’, because each node at level i + 2 has incoming edges from levgl— 1. O

2.3 The Function L

Due to the fast growth and shrink rate of the upper bouridand m; on the level sizes, is clear that the most
interesting part of a worst-case qOBDD is near a certaiticalipoint’ i, where the two bounds meet. Worst-case
OBDDs look almost the same. We considey instead ofm/ for technical reasons. The equatibn= m; has

no solution in closed form. We define the functiérby the functional equation

L(n)+1logL(n)=n Q)
and set
is:=Ln)+d6+1. @)
Then we have
ki, = 2°7L and my, =22 L. 3)

With these definitionsig is indeed the critical point, because
Wiy = kio = Mi, = 2L(n) .

Notice thatig is not an integer in general. It just marks the point wheygas a function of ) turns from growing
exponentially to shrinking doubly exponentially. See Fayl.

Earlier investigations dealt with — logn in some way [15] or approximatefi(n) by other means [11]. In
[9], [i0] appeared implicitly in the form ofnin{ i € N | k; > m; }, but the authors did not provide an asymptotic
for [ig] — ip. We found it advantageous to deal directly with so that we can use the functional equation (1). It
is easy to verify thatl(n) = n — logn + o(1) ~ n and2“( ~ 27/n. See also [5].
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Figure 1: The worst-case shape of a qOBDD

3 Evolution of the Worst-Case Sizes

We start with an analysis of the gOBDD case. The results dematge by much when we include the effect of
the deletion rule later.

3.1 Quasireduced OBDDs
By definition of the function’., we have

k; 1< 193
wi: () \. 9 (4)
m;, 121g.

To estimatel/, we write out the sum and substitute (4).

[i0]—1

W(TL) — Z 2i—1 + Z 22n7i+1
i=1 i=Tio]
[L]1-1 n—[L]

=Y 24 Y 2
=0 i=1

— 2’—L“ + 22"7(L'\ + ‘O(an—(L'\—l)

(5)

Both leading terms are roughly of si2é . The exact value of L] is given by the next lemma (cf. [9, Lemma 3]).

"+a+1, ae[-2"1-1.-1];

2" +a, aE[O..Qh}.

Lemma 2
[L(2"+h+a)] = {

Proof. Using the functional equation (1), we can write

L2"+h+a)=2"+h+a—logL(2"+h+a).
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Since L (2" + h) = 2" by (1) andlog L is a strictly isotone function, we have fare [-2"~' —1.. 1],
h—1=logL(2" ' +h—1) <logL(2" + h+a) <logL(2" + h) = h,

and fora € [0..2"],
h=1logL(2"+h) <logL(2"+h+a) <logL(2"™ +h+1)=h+1.

Thus, the points whergL] does not increase afe.(2" + h — 1)] = [L(2" + h)]. From these observations, the
lemma is easily inferred. a

3.1.1 Oscillations

Theorem 3 gives the asymptotic value bf/2% for parametrization of. ‘close’ to 2" + h. See Figure 2 on
page 6.

Theorem 3 Assumethat n — +oo isof theformn = 2" + h + a, where a = o(2"). Then

0;
2L 1427% a>0

W(n) 2, a <
2

Proof. We approximaté? and2” separately and then consider their ratio. — To estiniiEi@), we use (5) and
apply Lemma 2. Fon € [-2"~1 —1..—1],

W (2" +h+a) =22 ekl 4 9270 4 02277 ) g2 ety 92 (6)
asa = o(2"). Similarly for a € [0..2"],
W (2" + h+a) =220 422" O(QQH) ~ (20 +1)22". @)

SinceL(n) ~ n ~ 2", expandingL twice using the functional equation (1) yields

on 22h+h+a
_ ~ ~ 2 ta (8)

n — log L(n) 2h +a

This leads to the asserted formulae foy/2": Fora € [-2"~1—1..-1],

W 22h+a+1 + 22}“1

_oh—1_
oL~ 92" ta =242 T2

by (6) and (8). Fow € [0..2"],
w412
2L 22" +a
by (7) and (8). a
A complementary view is given by Theorem 4, which describes h//2” develops betwee@” + h and
2h+1 1 b 4+ 1. See Figure 3.

=142

Theorem 4 Assumethat n — +oo andwrite n = 2" + h with b € [1,2], h € N. Then

W) _ b(1+2(1—b)2h +O(2(%—b)2h)) (1_ 10gb+0(h/n)).

2L(n) b2h

In particular, W (n)/2%(™ ~ b, if n growsin such away that b is bounded away from 1.
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Figure 2: The worst-case size of (qQ)OBDDs neas Figure 3: The oscillation of the worst-case size of
2" +h (q)OBDDs

Proof. It is easy to see thai and b are well-defined for every.. The proof of the theorem is similar to that
of the casea > 0 in Theorem 3, but we need to estimat&(™ more accurately. First, observe thatn) =
n+ O(logn) = b2"(1+ O(h/n)), so fromlog(1 + z) ~ zlog e for z — 0 we get

log L(n) = log (b2"(1 + O(h/n))) =logb+ h + O(h/n).

Therefore, a refined version of (8) is

Lin) 9b2" +h
20\ = . g
b2h —logb+ O(h/n) @)

Using (7) and (8’), we see that

h h h—1
Wi 27 2 H0(2") oh iogh 4 oGy

9L(n) b2h oh

(1T s ofa)) (1 EGRE).

3.1.2 Global bounds

Our refined analysis of the oscillation of the worst-case silso leads to slight improvements over the upper
bound of Liaw and Lin [11] and Heap and Mercer [9] and the lolaund of Breitbart, Hunt, and Rosenkrantz [1].
Essentially, the lower bound from [1] is+ o(1), and the upper bound from [11] &5+ o(1). Our bounds are
attained for certain sequencesmofvhich are explained in the proof.

Theorem 5 For n — +o0,

W(n) —“L(n)/2) _ n
1 < rmy <2402 ) =2+0(y/5 |-

The upper bound can beimproved to W (n)/25(™ < 2 for large n, unlessn = 2" 4 h for some h € N,

Proof. The lower bound holds becau$g > 2/-1 > 2L by (5). —For the upper bound, we use the asymptotic
from Theorem 4. Let andb be as defined there. First, we simplify tﬁE(Q(l/Q—b>2h) term. Observe that

L(n) = L(62" + h) < L(62" +logb + h) = L(b2" + log(b2")) = b2"
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by the isotonicity and the defining functional equation/ofTherefore,

l,b 2h<22h<ﬂ_
2 2 2

This proves
o(3-0)2" _ 0(27L(n)/2) '

With @ := (b —1)2" (son = 2" + h + a) the asymptotic from Theorem 4 becomes

ZZ((Z)) = (14 4) (1427 + 02710072 <1 _ log(l ngg *0(1)) . ©)

In particular, for any sequence of the form= 2" + h + a, wherea — +o0o anda = o(2"), we getW /2% =
1+ o(1), which proves that the lower bound is asymptotically tight.
On the other hand, if. = 2" + h, then L(n) = 2" by Lemma 2, and from (5) we can easily read off that

W(2h + h) —9. 22h + 22h71 i 0(22h—2) —9. 2L(n) + @(2[/(71)/2) ,

which shows that the upper bound is attaineddes 0. (Recall thatZL(n) = n — logn + o(1), S0 2% ~ 27/n.)

It remains to show thatV’ (n) /25 < 2,if n = 2" + h 4+ a anda € [1..2"], providedh is bigger than
some fixed constant (which will not be determined here). infdilowing estimations, we always assume that
is large enough. Note thdt(n) = ©(2"). If a = 1, thenW/2% = 3 + o(1) < 2 by (9). If 2 < a < 22", then

h —a 5_7
(1+%2_/)(1+3/)< 44

<2/5 <1/4

7
)
which impliesW/2% < 7+ 0(1) < 2 by (9). Finally, if 22" < a < 2", then

22((:)) — (1 + a/Qh) (1 20 O(27Lm/2) ) (1 _ log(l +aaf;3 + 0(1)) <2

_295h —a(2h)
<2 <275 2 > (log %+0(1))/2h+1

by (9). 0

3.2 Reduced OBDDs

We now describe the necessary modifications when we takdftat ef the deletion rule into account.

3.2.1 Oscillations

By (4), j = [io] is the smallest index such thaf > m;. Since bothk; andm; are powers oR andm/; =
m; (1 — |o(1)]) for j = n — w(1), it follows that j = [io] is also the smallest index such thiat > m;. The
starting point of our gOBDD analysis was (5). For reduced @BPwe have

[i0]—1

i=1 i=[io]
-1 =[]

DY (22222“1)
1=0 =1

= ofL1 4 2" _ 3 (10)
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Theorem 6 Theorems 3 and 4 hold for W//2% aswell.

Proof. Since—3 = 0(22“2) , the estimates (6) and (7) from the proof of Theorem 3 arel¥aliW’, too. O

3.2.2 Global Bounds

The global bound is even nicer for reduced OBDDs.

Theorem 7 For large enough n,
W'(n)

2L(n)

< 2,

and both bounds are asymptotically tight.

Proof. The lower bound follows sinc&’ > 2/%1 > 2 by (10). — SinceW’ < W, the upper bound follows
from Theorem 5 except for the case= 2" + h. If n = 2" + h, then[L] = 2" by Lemma 2, and we have
W' =2L 422" " _3=2.2L_3 by (10). This also shows that the upper bound is asymptbtiatthined. O

4 Discussion

The worst-case size is just one way to look at the compleXigamlean functions. In fact, almost all Boolean
functions are close to the worst-case size [10, 11]. G®lastav, and Promel [6] have shown, building on work
of Wegener [15], that the OBDD size of almost all Boolean tiores (up to a doubly exponentially small fraction)
deviates only by an exponentially small factor from the extpé size. Also, the expected size coincides with
W'(n) up to a factor ofl + o(1) for most values of:, with the exception of intervals of constant length around
the valuesn = 2" + h. Hence, the expected size oscillates also, but the peakdiginly smoother. Similar
results hold for OBDDs with an optimal variable ordering. wéwer, the exact course of the worst-case OBDD
size for optimal variable orderings is still unknown for #veceptional intervals mentioned above.

If we drop the variable ordering restriction, but retain tead-once property, the resulting data structure is
called free binary decision diagram (FBDD). FBDDs (withte@r restrictions) have efficient algorithms [8, 14].
The expected and worst-case FBDD sizes coincide for massymptotically with those of OBDDs and hence
oscillate in a similar way, but the exceptional intervalsF8DDs have non-constant length [5]. It seems that no
results are known on the worst-case FBDD size except thoadwidilow from the results on BDDs and OBDDs.
As a direction of future research, we suggest that the wearsé size of FBDDs should be determined up to a
factor of 1 + o(1) for all n.
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